ON THE LOWER TAIL OF GAUSSIAN MEASURES ON /[,

Wenbo V. Li!

1. Introduction. Throughout this paper ()72, denotes a sequence of indepen-
dent, centered, Gaussian random variables with variance one. We shall study the
behavior of

(1.1) P((Zak|€k|p)1/p§5> as e — 0" for p>0

k>1

where (ax)32, is a given sequence of positive numbers and ), -, ar < +00.

In section 2 we give a lower bound of (1.1) for p > 2 and a upper bound of (1.1)
for p > 0 when € > 0 is small. In particular for ay = k=% and a > 1, we obtain for
p > 2 and € > 0 small

(1.2) —Cop g~p/la=1) < logP((Z ak|§k|p)1/p < 6) < —Dg,p- g—p/(a=1)
k>1

where C,,, and D, , are positive constants. This extends the results (Theorem
4.1-4.4) of Hoffmann-Jgrgensen, Shepp and Dudley[4] for p = 2 and can be used
to determine the nature rate of escape for an independent coordinate [,-valued
Brownian motion for p > 2 (see Cox[2] and Erickson[3]). As a consequence of (1.2),
we give a positive answer to a conjecture in Erickson[3].

In section 3, as an application of the result given in section 2 for the lower bound
of (1.1), we give a lower bound for P(supy<;<; | X (t)| < ¢€) under certain conditions
where X (t) = 3o Aeor(t)€k, 0 <t < 1. Note that {X(¢) : 0 <t < 1} is a mean
zero Gaussian process but not necessarily a stationary process.

2. Upper and Lower Bound for [,-norm. The following claim about the
volume of the unit ball under [}-norm is probably known, though we could not
locate a reference (The claim is known and the author would like to thank the
referee for providing a reference: Saint-Raymond|[7]). Lemma 1 is a key step for the
proof of our results.

Lemma 1.
n ]‘ n n —1
Vin,p)= [ ... ldzxy...de, =2"T(=+1)" -T'(—+1)"".
Doiey TP b p
Proof. Let

k
pe=0-Y 2" k=0,1,2,...,n

i=1
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1 Y1 Yn—2 Yn—1
:/ / / / yp dxy drp_q ...dz;
o Jo 0 0
Note that

Yn—1 Yn—1 1
/ Y day, = / (W, — a2) /Py =y / (1= aP)™P do = 47 O
0 0 0

where

and

1
1 1
Cpp = / (1—a")™?dz =T(= + )T(Z + (P 4 1)
0 p p p
We have I,,, , = CpyLit1,n—1 and I, 1 = Cy,. Hence
n—2 1 n
2_"V(n,p) = 107" = C()Il,n—l =...= ( H Cm)In—l,l = F<]_) + 1)”F(Z—? + 1)_1.
m=0

Lemma 2. For x large enough, we have
ﬁx“’ée_”” <TI'l+z) < 2\/%:3“’4'%6_“3.
Proof. 1t is easy to see by Stirling’s formula

MNl+zx)=vV 27mcm+%e*m(1 +0(z)), [0(z)] < e — 1.

Theorem 1. If € is small and p > 2, we have

P((Y_ arl&nlP)V? < &) > <1 —OEll 3 ) n/2<ﬁ )

k>1 k>n+1

1/p

1 N~ —2/(p-2)\(1-2)/ 2/ np gl -1
exp(_é(’;akz/(p 2)):0 p.(gp_(;) p)-(ep—é) /p_p(5_|_1) .F(E_i_l) )

for all positive integer n and all § € (0,€P).
Proof. Note that for any positive integer n and § € (0, eP)

(22) P((D_ arl&l”)'/? <) = P( Zak\£k|p<ap ) P( Y arl&lP <9).
E>1 k>n+1

By putting in the Gaussian density and making the change of variables, we have
for the first term on the right side of (2.2)

(2.3)

P(Zak|£k|p§€p—5)
=(27) ”/2 Hak _1/p/ / exp ( ——Za_z/p 2Y dxy .. .dz,.
Zk 1|I£k|p<€p ) k=1
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Using Holder’s inequality, we obtain for the exponent in the integrand of (2.3)

(2.4) Za_Q/p 2 <( Z ;2/(19 2) (r=2)/p Z| 2/p
k=1

( i a]:2/(p*2))(p—2)/17_ (Ep _ 5>2/;D'

IN

k=1

Now putting (2.3), (2.4) and Lemma 1 together yields

(2.5)
P(Zak\fk]pgep—d)
k=1
e TU .\ VP 1~ —2/(p-2)\ (0-2)/ 2/
>(2n71) /2(1};[1ak> exp(—g(;akw(p 2))p p.(gp_(g) p).
1 n n -1
P_5)MP.r(=4+1)"-T(=+1
@ oy ey )

By using Chebyshev’s inequality we have for the second term on the right side
of (2.2)

(2.6) P> alélP<8)=1-P( ) apl&l” > 9)

k>n+1 k>n+1
>1-0"E( > alél)
k>n+1
:1—(571E|£1|p Z ag.
k>n+1

Combining (2.2), (2.5) and (2.6), we obtain (2.1) and finish the proof.

Remark. Our proof here (also the next theorem) is along the same lines as the proof
for the case p = 2 in [4]. The main difference is that we benefit a lot from Lemma
1 and use Hoélder’s inequality to take care of the rest. In application of (2.1) one
should try to maximize the right-hand side in n and § for fixed e. Many examples
are given in [4] for the case p = 2. Similarly, lengthy estimates for particular (ax)%2
also work in our setting. However, here we are only going to evaluate one of the
most important cases (also see the remark after Theorem 2).

Ezxample. If p > 2, a, = kK~ and « > 1, then we have for ¢ > 0 small

(2.7) log P( Y k™&ulP < &P) > ~Cayp-c P/ @D,
E>1

In this case we have

> 1

i ar = Z ko< Z / " %dr = _1n_(o‘_1).

k=n-+1 k=n-+1 k=n+1
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So there exists a constant M, , such that if n > Ma,pé_l/(o‘_l), then

— 6B P Z ap > e

k>n+1

Now for n large, we have by Lemma 2

H 1/17 n')a/p > na(n+1/2)/pe—om/p
k=1

P+ 1) > (2ym) (L) e
p p
(i agz/(p—Q))(p—w/P _ (i k2a/(p—2))(P—2)/p < n(2a=2+p)/p,
k=1 k=1

Thus by Theorem 1 for n > M, ,6 /(=1 and ¢ small enough (hence § small
enough and n large enough), we obtain

log P((D_ arlée[")"/? < )
k>1

1 1
>—1+ glog(Zﬂ_l) + %(n + 5) logn — %n - §n(2°‘_2+p)/p(ep —5)¥/P

1 1
+ Elog(esp —9) +nlogI‘(— + 1) — log(2v/7) — (E + _) logﬁ + n
p p p 2 p P
a—1 1 1

» —l—plog( n®" l(ap—é))>n——n

Z(% log(2m~ 1) — (2a—2+p)/p(€p — 5)2/p_

Now choose § = eP/2 and n = [K, ,e /(D] where K, , is a constant such that

Ko e /@D _1 > M, 6/,

)

27 og(2n ") — (@ —1)/p+p~'log (1P = §)) > 0

for all € small. Then we have

log (Y k~f6x|? <€) > —271 (K pe P/ (@7 0) 2OTHRIE =2l g2
E>1

_ e,

Theorem 2. For any positive integer n, we have

P((Q_ arlul?)” <€) < (2771 m(ﬂ ) p+1)”-r(g+1)1.5n.

k>1
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Proof. Observe that for any positive integer n,

P(OOanl&P)/P <) < P(D arlél” < &)
k>1 k=1

n

:(27r)_”/2< ﬁ ak>_1/p / > / exp ( — % Z a;Q/pm%) dz;...dx,
k=1

k=1 lzK|P<e? k=1

§(27r)"/2<kf[ak>_l/p/--~/ i ldxy...dx,.
=1 k=

1 |z|P<eP

Hence the theorem is proved by Lemma 1.

Remark. In application of (2.8) one should try to minimize the right-hand side in
n for fixed €. Also the remark after Theorem 1 is valid here.

Ezxample. If p > 0, ar = k=% and o > 1, then we have

(2.9) log (3" k™®[&u|? < &7) < ~Dgp - e P/,
k>1

In this case we have for n large,
(T @) ™" = (a)*/7 < (2/m) /PRt 1/D o/,
k=1
F(ﬁ + 1)—1 < 7T—1/2(ﬁ)—(n/p+1/2) L en/p.

p p

Thus by Theorem 2 for n large, we have

1
log P(Z k=& |P < eP) < 4+ log(27™1) + e log(2y/7) + g(n + =) logn — Y
2 p p 2 p
k>1
1 1 n 1 n o n
+nlog5+nlogf(—+1)——logw—(—+—)10g—+—
p 2 p 2 p P

o 1 6 1 n o n a—1
= —log(2y/7) — = logm + — 1 — Zlog — — —log(2r~ 1) —
(p Og( \/_) 2 08 2p og " 2 ng 2 g( ) p n)

1 1
+ <gnlogn +nloge +nlogI‘(— + 1) — Elogn + ﬂn)
p p p p
1 1
S(logf(— +1) + L log(sn(o‘_l)/p)>n.
p p
Choose n = [§ peP/(@=Y] where §,, > 0 is a constant such that

1 1 -1
logF(— + 1) + o8P + a logda,p < —1,
p p p

then we obtain

log P( 3 k™%[&k|" < &) < —[bape ?/7V] < =Dy pe /(7).
k>1
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Remark. Combining (2.7) and (2.9) as given in (2.1), we see that for the canonical
example ap = k=%, a > 1, our upper and lower bound estimates are sharp at the
logarithmic level (up to a constant) for ¢ small.

Remark. Cox|[2] showed that genuinely infinite dimensional Brownian motions on
l,, sequence spaces have natural rates of escape, provided the coordinates are inde-
pendent. But finding the rate functions depends heavily on the sharp asymptotic
estimates for (1.1). Our estimates given here are an attempt to serve this need.
In particular, our (1.2) settles the conjecture 3 in Erickson[3]. Namely, the natural
rate of escape for the process Zg = >, k=P Bg(t)ex,t > 0 with respect to the I,
(p > 2) norm is given by -

(2.10) vp5(t) = /2 /(loglogt) P~ D/7 e, lim v, 5(t) ' Zsl, = C(p, B) a.s.

t—o0

for 0 < C(p, B) < oo, provided a = Bp > 1. Here {By(t),t > 0}x>1 is a sequence of
mutually independent one dimensional standard Brownian motions all defined on
the same probability space and ey, is kth unit coordinate vector. The proof of (2.10)
is routine (see Erickson[3]) if we have (1.2). So we omit it here.

At the end of Erickson’s paper[3], it was added that the above mentioned conjec-
ture had been solved by Cox[1]. Unfortunately, the lower bound arguments about
(1.1) in Cox[1] contains a flaw.

3. Bounds for sup-norm. Let X(t) = ;- Medn ()&, 0 <t <1, 5751 A <00
and A\, > 0. Here {¢r(t) : 0 < ¢ < 1} is a sequence of functions satisfying the
condition

(3.1) sup sup |¢x(t)| < M < +oo.
k>10<t<1

By the way we define X (¢), it is clear that supy<,«; |X ()| < oo a.s. and X (¢) is
a mean zero Gaussian process but not necessarily a stationary process. Our next
result gives a lower bound of the lower tail of X (¢) under the sup-norm. This bound
can be evaluated by using Theorem 1.

Theorem 3. If there exist x € (0,1) independent of p such that

(3.2) Qp = (Z}\ZP/(p—l))(p—l)/p <Q < oo,

k>1

then for any m > 0, we have

P(sup |X(8)] <e) > P(ZAS_M%W - (Q_lM_lg)m).

0<t<1 =1

Proof. Using Hélder’s inequality for ¢ = p/(p — 1) and ¢’ = p, we have

XOP < (3 Mlr®al)” < (SN (30N g (1)l ) C

k>1 k>1 k>1

_ (Z)\ip/(p—l))pfl . (Z)\,(:_w)ka(t)fﬂp) < Z (QMAi_I|¢k(t)§k|)p

k>1 k>1 E>1
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where the last inequality holds by (3.1) and (3.2). Hence

P(sup |X(t)] <e)=P( lim ( |X )|P dt) s <e)

0<t<1 p—m

= lim P(/O | X (¢)[Pdt <eP)

p—00
> lim P(Y " (QMATI&])" < &)
p=ee =

= lim P()  (QMA, "|¢&le ' M)P < 1)

k>1

> lim P(Y  (QMA"|&le™)™ < 1)

E>1

=P (AW TMel™) < (@M e™)

k>1
which finishes our proof.

Remark. If {¢g(t)}r>1 are some orthonormal basis in L?[0, 1], then we have the
following upper bound:

P( sup |X(t)|§6)§P< OlXQ()dt<5> P(Z)\ )
k>1

The behavior of P(>", -, \i&? < ?) ase — 0 can be found in Li[6] and the reference
there. -

Finally we carry out the following simple example.
Exzample. If A\, = k=%, a > 1 and (3.1) holds, then for any § > 0 small, we have

1\ 1/(a—1-3)
log P( sup |X(t)| <¢e) > —C(—)
0<t<1 £

where C' = C() is a positive constant.
Let z = (1+6/2)a™! < 1, then we have

_ (Z k;famp/(pfl))(p_l)/p < Z k,faxp/(pfl) < Z L—or — Z k*(1+5/2) =C

k>1 k>1 k>1 k>1
Thus applying Theorem 3 with m = 25~ gives us

log P( sup |X(¢)| <e¢)
0<t<1

> IOgP(Z k—(2(a—1)/5—1)|£k|2/5 < (C(;lM_1€)2/§)
E>1
> —Ca’é(cglM_lg)l/(a_l_é)

et
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where the last inequality is by using (2.7) for p = 26~
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