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Abstract

We consider a supercritical Galton-Watson branching process with immigration. It
is well known that under suitable conditions on the offspring and immigration distri-
butions, there is a finite, strictly positive and non-degenerate limit for the normalized
population size, denoted as WW. The main purpose of this paper is to investigate the
small value probabilities of W, that is to estimate P(W < ¢) for £ > 0 small. In com-
parison with the well-studied results for supercritical Galton-Watson branching process
without immigration, precise effects of the balance between offspring and immigration
distributions on small value probability of W, are obtained. Several illustrative ex-
amples are analyzed carefully. They demonstrate the sharpness of our results and the
significant effect of the immigration which can cause the near-constancy phenomena
even when there is no oscillation in the setting without immigration.

KEY WORDS AND PHRASES: Supercritical Galton-Watson branching process, small
value property, immigration

1 Introduction

Small value probability for a positive random variable V' studies the rate of decay of the so
called left tail probability P(V < ¢) as e — 0. When V is the norm of a random element in
a Banach space, one is dealing with small ball probability, see [LS01] for a survey of Gaussian
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measure. When V' is the maximum of a continuous random process starting at zero, one
is estimating lower tail probability which is closely related to studies of boundary crossing
probabilities or the first exit time associated with a general domain, see [LO03] and [LS04]
for Gaussian processes. A comprehensive study of small value probability is emerging and
available in various talks and lecture notes formats in [L03], [L11+4], see also the literature
compilation [Lif10].

In this paper, we further develop the most natural aspect of the branching tree approach
originated in [MOO8] on the martingale limit of a supercritical Galton-Watson process. The
problem has been solved initially in [D71a], [D71b] in the Schréder case and, up to a Taube-
rian theorem of Bingham [B88], also in the Bottcher case, see later part of this section for
more details. The approach uses an integral transform together with some nontrivial com-
plex analysis, which is powerful but inflexible and un-intuitive. On the other hand, the
“branching tree heuristic” method developed in [MOO08] for the martingale limit of a super-
critical Galton-Watson process is very simple and based on an easy intuition. The main
goal of this paper is developing additional tools to treat small value probabilities for the
martingale limit of a supercritical Galton-Watson process with immigration. The interplay
between the offspring and the immigration distribution can be seen clearly from our main
result Theorem 2. We next provide a more detailed and precise discussion by introducing
additional notations, surveying relevant results and stating our results.

Let (Z,,n > 0) be a supercritical Galton-Watson branching process with Zy=1, offspring
distribution py = P(X = k),k > 0, and mean m = EX € (1,00). To avoid non-branching
case, we suppose pr < 1 for all £ throughout this paper. Under the natural condition
E[X log" X] < oo, the positive martingale Z,m ™" converges to a nontrivial random variable
W < oo in the sense (see Kesten and Stigum [KS66])

Zym "t — W a.s. & L' as n — oc.

Here and throughout this paper, log"™ 2 = logmax(z, 1) > 0. The distribution of the limit W
is of great interests in various applications. However, except for some very special cases, the
explicit distribution of W is not available, see, for example, Harris [H48], Williams [WO0§]
Section 0.9. In general, it is known that W has a continuous positive density on (0, c0)
satisfying a Lipschitz condition, see [AN72], Ch. II, p.84 Lemma 2. However it is not
clear what type of densities can arise in this way. This lack of complete information on the
distribution of W prompts a search for asymptotic information such as the behavior of the left
tail, or the small value probabilities of W and its density. General estimates, near-constancy
phenomena, specific examples, and various implications have been studied to various degree
of accuracy in Harris [H48], Karlin and McGregor [KM68a] [KM68b], Dubuc [D71a] , [D71b]
and [D82], Barlow and Perkins [BP88], Goldstein [G87], Kusuoka [K87], Bingham [B88§],
Biggins and Bingham [BB91] and [BB93|, Biggins and Nadarajah [BN93], Fleischman and
Wachtel [FW07] and [FW09].

For instance, in [D71b], the following results were given with assumption py = 0 which
holds without the loss of generality after the standard Harris-Sevastyanov transformation,
see [H48], p.478 Theorem 3.2 or [B8§| p.216) Here and throughout this paper we use f(x) =<
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g(x) as © — 07 (00) to represent ¢ < f(x)/g(x) < C as x — 0 (00) for two constants
C>c>0and f(z) ~g(x) as © — 07 (c0) to represent f(x)/g(x) = 1 as x — 07 (o0).

Theorem 1 (Dubuc 1971(b))
(a) If p1 > 0, then
]P)(W < 5) — gllogp1]/logm

(b) If py = 0, then
—logP(W < ¢) < ¢ #/01=H),

with B :=log~y/logm and v := inf{n : p, > 0} > 2.

Note that P(W < ¢) = P(W < ¢) since W has a continuous density, see, e.g. Athreya and
Ney [ANT72], Ch. I, Section 10, Corollary 4. Also, the so called near-constancy phenomena
refers to the fact that the rough asymptotic < in Theorem 1 can not be improved into more
precise asymptotic ~ and the oscillation is very small, see [B88] for more details. In fact,
it is still an open conjecture that the Laplace transform of W being non-oscillating near oo
(and hence the small value probability of W being non-oscillating near 0) is only specific to
the case p; > 0 in [KM68a] p.127.

In the present paper, we consider the supercritical branching process with immigration
denoted by (Z,,n > 0), and follow the definition in [AN72], Ch. VI, Section 7.1, p.263. To
be more precise, we have

Zo=Yy, Znu=X"+XJ+---+XZ +Y,1, n>0,

where X7, X7, --- are independent and identically distributed with the same offspring dis-
tribution as X, the Yp, Y], -+ are i.i.d. with the same immigration distribution {qx, k > 0}
and the X’s and Y's are independent. It is classic result, see [S70] for example, that

lim Z,/m" =W (1.1)
n— oo
exists and is finite a.s. if and only if
ElogtY <oo and E(Xlog" X) < cc. (1.2)

Our main result of this paper is the following small value probabilities for W.

Theorem 2 Assume the condition (1.2) holds.
(a) If po =0 and 0 < qo < 1, then

P(W < g) x ¢l logl/logm as e — 0t (1.3)
(b) If po =0, go = 0 and p; > 0, then

_K|10gp1|

logP(W < ¢) ~ ogm)?

|loge|?, ase— 07, (1.4)
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with K = inf{n : ¢, > 0}.
(¢) If po =0, go = 0 and p; = 0, then

logP(W < ¢) x —#/0=5), ase — 0T,

with B being defined as in Theorem 1(b).
(d) If po > 0, then

P(W < ¢) < gllogh@)l/logm 5 ¢ 0F, (1.5)

where p is the solution of f(s) = s between (0,1), and h is the generating function of
mmmigration.

Similar to the case of Theorem 1, as it can be seen from Proposition 1 in Section 6, there
is also the near-constancy phenomena here and thus the rough asymptotic < in our Theorem
2 can not be improved into more precise asymptotic ~.

Our proof of Theorem 2, which appears in sections 3, 4 and 5, is based on Dubuc’s result.
Note that it seems impossible to extend the involved analytic method used in [D71b] to the
branching process with immigration. However, Mérters and Ortgiese [MOO8] provided a very
useful probabilistic approach for Theorem 1. Our approach is built on top of their powerful
arguments, and overcome additional difficulties of immigration effects. More specifically,
we start with a fundamental decomposition for W given in (2.2). A suitable truncation is
needed in order to handle the infinite series. To estimate the lower bound of P(W < ¢),
we investigate when the least population size happens. For the upper bound, we use the
exponential Chebyshev’s inequality and estimate the Laplace transform of YW. The property
of P(W < ¢) is then obtained through Tauberian type Theorems.

We put the proof of py > 0 case in Section 5. In this case, the extinction probability
is strictly positive, and plays the most important role in the small value probability of W.
Moreover, the immigration makes effect also.

Next we turn to consider a slightly different type of supercritical branching process with
immigration, which is denoted by (Z,,,n > 0). The only difference is to assume Z, = 1. The

—~

corresponding limit of Z, /m™ is denoted by W. Then by simple computation we get that
w

W =W+ = (1.6)
m

in distribution, as denoted by =¢ throughout this paper. Due to (1.6) and the fact that

PW+W/m<e) > PW <e/2)-POW/m <eg/2),
P(W +W/m<e) < PW<e)-PW/m<e), (1.7)

we can obtain the following result as a consequence of combining Theorem 1 and Theorem
2.



Theorem 3  Assume the condition (1.2) holds.
(a) If po =0, p1 > 0 and qo > 0, then

P(W < ¢) x gllosteiao)l/logm ¢ oy gt
(b) If po =0, p1 >0 and gy = 0, then

_ K|logpi|

+
2{log m)? ase— 07,

log POV <€) ~ §

|loge

with K being defined as in Theorem 2(b).
(¢) If po =0 and p; =0, then

logP(W < ¢) < —e #0-A 4560,

with 8 being defined as in Theorem 1(b).
(d) If po > 0, then

POW < ¢) x gllogh)l/logm ase— 0".

Taking gy = 1 in Theorem 3, then it degenerates into Theorem 1.

In Section 6, we give some examples, where the offspring and immigration are both
shifted geometric distributed (for definition see Section 6). Then we can calculate the Laplace
transform of W directly. As enumerated in Proposition 1, we obtain more precise results than
Theorem 2. For those results, we use the conclusions of [W08] Section 0.9 and Proposition
3.1 of Barlow and Perkins [BP88]. Especially in [BP88]|, they showed us a case when the
Laplace transform of W indeed has an oscillation. Based on this, we can also construct an
example when the Laplace transform of W is oscillating. As we can see in Section 2, the small
value probabilities of YW can be drawn from its Laplace transform directly. Additionally, we
show that there are also oscillations in other case with immigration.

2 Basic relations and estimates

The following two Tauberian type theorems are useful tools in our investigation. The asymp-
totic equivalent type can be found in Bingham, Goldie and Teugels [BGT87], Theorem 1.7.1
on p.37 and Theorem 4.12.9 on p.254. The one-sided equivalent type is given in Li [L11+4].

Lemma 1 Assume V is a positive random variable and o > 0 is a constant.
(i) For constant C > 0,

Ee ™ ~ CX as A — 0o,

if and only if
C
PV <t)~ ———1t° *
(V <) F(l—i—a)t ast— 0



(ii) The one-sided relation
P(V <t) < Cit*  for some constant C; > 0 and all t > 0
18 equivalent to

Ee NV < O\ for some constant Cy > 0 and all X > 0.

Lemma 2 Assume V is a positive random variable and o« > 0,0 € R, or a = 0,0 > 0 are
constants.
(i) For constant C > 0,

logP(V < t) ~ —Ct | logt|’ ast — 0T,
if and only if
lOgEeiAV ~ _(1 + a)179/(1+a)067a/(1+a)Cl/(1+a))\a/(1+a)(log )\)9/(1+a) as \ — oo.

When a =0 and 6 > 0, the product of constants above-mentioned is just C.
(i) The one-sided relation

logP(V <t) < —Cyt=°|logt|®  for some constant Cy > 0 and all t > 0
1 equivalent to
logE e < —Co Y9 (1og N+ for some constant Cy > 0 and all X > 0.

Now we consider the supercritical branching process with immigration (Z,,n > 0) and
Zy = Yy. For fixed integer r > 0 and [ > 1, let &.(1),--- ,&.(2,) be the individuals in
generation r, and 7,(j),7 = 1,---,Y; be the individuals of immigration in generation I.
Then for any r > 0 and n > r + 1,

2= Zun&@) + S S Zuan()).
i=1 I=r+1 j=1

Here (Z,(v),n > 0) is a supercritical G-W branching process initiated with one individual
v and W (v) is the limit of positive martingale m="2,(v).
Divided by m™ on both sides, then let n — oo, we get

W= S WE) + Y S W), 2.)

For simplicity, we rewrite (2.1) as
Zr ) Y; ‘
W=m"Y Wi+ Y m™'> W. (2.2)
i=1 I=r+1 =1

Here all the Wi,I/Vlj,i =1,---,Z2,l=r+1,---.,n,5 = 1,--- .Y, are independent and
identically distributed as W. The relation (2.2) is the fundamental distribution identity of
W and it is used repeatedly in our approach.



3 Proof of Theorem 2: Lower bound

We start with a simple but crucial probability estimates that is a consequence of the condition
E log"Y < oo in (1.2).

Lemma 3 Under condition Elog™Y < oo in (1.2), for any fired constant § > 0, there
exists integer | such that

P(max Y;e ™ <1) > e\ (3.1)
i>1+1

Proof. For any given § > 0, we have

D Plogt Y >6i) = Y Y P(k<dlogtY <k+1)

i=1 i=1 k=i

= ) KEI(k <5 'log"Y < k+1)
k=1
< 5 'Elog™Y < oo.

Let Y; and Y be our independent and identically distributed immigration random variables.
Then for any large integer [ such that

o0

> P(log"Y > i) <1/2 (3.2)
i=1+1
we have
- —Gi _ + -
P(glzﬁ e <1) > H (1 —P(log"Y > i)
i=l+1
> exp (—2 Z P(log"Y > 52))
i=1+1
> et

where we used the fact that (1 — z)e?® is increasing for 0 < x < 1/2. This finishes our proof
of the lemma.

Proof of (a) and (b). For any ¢ > 0, let k = k. be the integer such that
mF <e<mFH (3.3)
which is equivalent to say that

k—1<|logel/logm <k, or k=7 |loge|/logm]. (3.4)



Using the fundamental distribution identity (2.2) with » = 0, we have for a fixed integer [
to be chosen later,

POW <e) = P(im—iiwijgs)
(kim_zzwj—z) (i m_iiWijS%). (3.5)

v

( Z ZW”_Q) > P(Ai m—iiwgsmTk)

i=k+1+1 i=k-+1+1 j=1
- P —i Wi < = 3.6
(z—zl-;lm ; " 2) ( )

Note that the last equality follows from the independence and identical distribution of all
W?’s and Y;’s.
Next we have by controlling the size of Y;, © > [ + 1, given in the Lemma 3,

P(Smywies) = (S *ZZW“-%Y@ "<1)

i=l+1 i=l41
1 5i
> Y o E Wl < = m i< 1. (3.
> < 2 < 2) (DlaﬁYe 1) (3.7)

Using Chebyshev’s inequality for the first part of (3.7), we get

—z ] —’L j
( E g W_Z) > 1-2E E g W (3.8)
i=l+1 i=l+1
%2¢ o(l+1)
= 1—-— . 3.9
(m — ed)m! (3:9)
We can now choose § such that e < m, and then find large enough integer [ so that
266(l+1) 1
—_— < . 3.10
(m—eM)ymt 2 (310)

Combining (3.6)—(3.10) and Lemma 3, we obtain that

IF’< i ‘lZW §§>>]P>(Z "ZW g%) 2i (3.11)

i=k+I1+1 i=l41



Now back to the first part of (3.5), we have to handle it under conditions (a) and (b)
separately. In the case (a) with ¢y > 0, we have the simple estimate

k+1
(Zm_lZWJ < 2) >P(Yy = =Y =0) =gt (3.12)

Using k — 1 < |loge|/logm in (3.4), it’s easy to deduce that

q(/)C 2 9 qglogg‘/logm_qog\logqo\/logm' (313)

Combining (3.5) and (3.11)—(3.13) we have shown the lower bound in Theorem 2(a).
For the case (b) with gy = 0, we have, recalling the definition of K = inf{n : ¢, > 0},

k+1 k+1
(Zm_’ZWJ_§> > <Zm‘ZZW”§g,YO:---:Yk+l:K)
k+l1 c
— <Zm_ZZW] < 5) Cghrrt (3.14)

The above probability of sums can be bounded termwise, and thus

k+1
£/2
J > Y 14 =
(Zm ZW <3) 2 (e o < e )

:ﬁ“’“( i )
> ﬁPK< _ﬁkﬁ)) (3.15)

where we used the independence of all VVij s in the last equality and ¢ > m~* from (3.3) in
the last inequality.
From Theorem 1(a) there exists a constant ¢ > 0 such that, for : =0,1,--- |k + 1,

mz;k/Q mifk/Q |log p1|/logm
PIW<—— > - ) 1
( —K(k:+l+1)) - C(K(k+l+1)) (3.16)

Combining (3.5), (3.11) and (3.14)—(3.16) together and take care of summation over 0 < i <
k + [ after taking logarithm, we have

K|l
logPOW <¢) > —%kz—mklogm
Kllogp| 2 ~1 -1
—Wﬂoge\ — O(loge™" logloge™")



where we used k < 1+ |loge|/logm from (3.4).

Proof of (c). First observe that, in this case with v = inf{n : p, > 0} > 2, K =

¢n > 0} > 1, the smallest number of particles in generation n (n > 1) is
b(n) = KO"+~"" 4+ 4+1) = K" = 1)/(v = 1).
It is also easy to see that the chance this occurs is

]P(Zn _ b(n)) — pf)y(nfl)Jr..er(O)q?{Jrl = pB(n)q?(+1

)

K" —(n+1)y+n)

B(0) =0, B(n) =b(n—1)+--+b(0) = CEE :

Given € > 0, we can choose k = k. such that

k k—1
v i
— <e<
mk — mk—1’

which is equivalent to say that

k—1<|loge|/log(m/y) <k, or k= [[loge|/log(m/v)].

n>1.

inf{n :

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Next let [ be an integer that will be determined later. Using the fundamental distribution

identity (2.2) with » = k£ + [ and (3.18), we have that

POW <e) > P(W< (’y/m)k\Zkﬂ = b(k + l))P(ZkH = b(k +1))

_ ( —k—1 Z W, + Z ij ’y/m >p5(k+l)ql;(+l+1

i=k+1+1

Vv

b(k-+1) Y;
( m’ v ) (Z m—z Z I/VZ] < ) k+l)qk+l+1 (3 22)

For the first term in (3.22) we have by Chebyshev’s inequality and choosing suitable [

b(k+1) b(k+1)
2 2b(k + 1
P(ZWiSml'Vk/Q) > 1— —1_¥
i=1 m ’7 i=1 mey
2K
> 1——’y (y/m)! > 1/2
Y=

where we used the fact that EW =1 and b(n) < K(y — 1)~y from (3.17).
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For the second part of (3.22), we have

ad . Yi . mlfyk o . Yi . 'yk
P(ZmZZWg < _> — ]P’< domTy Wi < —)
i=1 j=1 2 i=l+1 j=1 2
00 Y;
> IP< domTy Wi < 1) >e 12 (3.24)
i=l+1 Jj=1 2

where the last inequality follows from (3.11).
Combing (3.22)—(3.24), we get

P(W < g) > plhthghtitie=l /g, (3.25)
Recalling the definition of B(k +1) in (3.19) and k — 1 < |loge|/log(m/v) in (3.21), we see

Bk+1) < 2fyk+l+1 < Cyllogel/log(m/v) — 0e=B/(0=8)

K
(v=1)
where [ is defined as in Theorem 1(b) and C is a fixed constant. Therefore from (3.25) we
obtain

logP(W < ¢) > —Ce#/(=H)

for some constant C' > 0.

4 Proof of Theorem 2: Upper bound

As we can see from the arguments in section 3, only the finite terms in (2.2) are contributing
to the small value probabilities of WW. Hence we take only 7 = 0 in (2.2), choose suitable cut
off k, and focus on properties of Zf:o m™! 2311 wy.

Proof of (a). Let k = k. be the integer defined as in (3.3). Using the fundamental
distribution identity (2.2) with » = 0 and exponential Chebyshev’s inequality, we have for
any A > 0,

P(W <¢)

IN

k Y;
P YWl <)
i=0 j=1

k Yi
< eAa.]EeXp<—/\Zm_i V[/f) (4.1)
i=0

j=1
Notice that all the (W7, =0,--- ,k,j =1,---,Y;) are independent, we have
Eexp(—AZm—in[/g) :HEexp<—Am—iZWg>. (4.2)
i=0 j=1 i=0 j=1
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Conditioning on Y; = 0 or Y; > 1, we have

Y;
E exp < —Am™! Z VVﬂ) < qo+ (1 —qo)E exp ( — /\m_iVVil) < qo(1+ 0;),

j=1
where
6 =qo 'Eexp(—Am W) =g'Eexp(—Am W), i=0,-- k.
Substituting (4.3) into (4.1) and letting A = e, we obtain

k
PW <e) <eqi™ [J(1+6).

=0
Since k > |loge|/logm in (3.4), we have

qlg < gllogao|/logm

So we finish the proof by showing

k
Zlog + 0;) 2(5 <M
=0

(4.4)

(4.5)

where M > 0 is a constant independent of ¢ (noticing that the k depends on ¢). To show

(4.5), we have to argue separately according to p; > 0 or p; = 0.

When p; > 0, by Theorem 1(a) and Lemma 1(ii), there exists a constant C' > 0 satisfying

that
Ee W < o)~ llogril/logm. A > 0.
Combining (4.4) with A = &', and then using (4.6), we have
k
Z i = q Z E exp(—e 'm~'W)
i=0 i=0

k

1=0

k
— quo—lg\logpﬂ/logm E pl—z

1=0
< Clg\logpﬂ/logm pl—k < C/pl_l

IA

where C" is a constant and the last inequality follows from (3.4).

12

(4.6)



When p; = 0, using Theorem 1(b) and Lemma 2(ii) with a = /(1 — ) and 6 = 0, we
have for some constant b > 0,

logEe W < —bA?, A >0, (4.7)

from which it’s similar to show that (4.5) holds. Indeed, setting A = e in (4.4), and then
using (4.7) and (3.3), we obtain

k
Zéi = qO’lZE exp(—e 'm~'W)

1=0 i=0

k
Q@ Z exp(—bePm =)
i=0

IN

IN

k
> expl—bmlt0%)
=0

IA

Q" Z exp(—bm1P) < 0.
i=0

Proof of (b). Let k be defined as in (3.3). Using (4.1) and the fact that Y; > K for any
1> 0,

kK
P(W <e¢) <e¥ H HE exp (—Am~'W7), A>0. (4.8)

i=0 j=1
In the case (b) with p; > 0, substituting (4.6) into (4.8) with A = ¢~!, we obtain
kK
PW<e) < eH H C(em?)loeril/logm
i=0 j=1
Taking the logarithm we obtain

logPOW <e) < 14+ K(k+1)(logC — |loge|- |logpi|/logm) + k(k +1) - K|logp|/2
= —k-|loge|- K|logp:|/logm + (k —1)* - K|logp1|/2 + O(k)
—%HongvLO(Hogs\)
where we used in the last inequality the fact that k — 1 < |loge|/logm < k in (3.4).
Proof of (c). It is clear that
POW <¢) <P(W < ¢), (4.9)

and therefore we finish the proof of (¢) by using estimate in Theorem 1(b).
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5 Proof of Theorem 2(d)

If pp > 0, then f(s) = s has a unique solution p € (0,1) and P(W = 0) = p. By means of
the Harris-Sevastyanov transformation

. fl(A=p)s+p) —p
f(s) = =) ,

f defines a new branching mechanism with py = 0 and f (1) = m. Denote (ZL, n > 0) as the
corresponding branching process and W as the limit of m "Z By Theorem 3.2 in [H48],

W =W, W, (5.1)

where Wy is independent of W and takes the values 0 and 1/(1 — p) with probabilities p and

1 — p respectively. Notice that the small value probability of W has the asymptotic behavior
described in Theorem 1(a) with p1 = f(0) = f'(p) > 0, and 7 = | log p1|/ log m, that is

P(W <e)<e. (5.2)
Now we start to prove Theorem 2(d).

Proof of Lower Bound For any € > 0, let k = k. be the integer defined in (3.3), then
using (3.5) and (3.11), we only need to estimate the first part of (3.5).

(Zm‘ZZW]_Q) > 112 ZW]—O
= 11 (Z qw") = h(p)*+H, (5.3)

1=0 =

where h is the generating function of immigration Y. Using k — 1 < |loge|/logm in (3.4),
it’s easy to deduce that

h(p)k > h(p)- h(p)\logsl/logm = h(p) . gllogh(p)|/logm (5.4)
Combining (3.5), (3.11), (5.3) and (5.4) we obtain the lower bound of (d).
Proof of Upper Bound Using (5.1), we have, for any A > 0,

Ee ™ =p+Ee Iy = p+d(N). (5.5)

14



Using (4.1), (4.2) and the independence of all the (W/ i =0,--- ,k,j=1,---,Y;), we have

k Y;
P(W <¢e) < e¥E exp ( - /\Zm_izmj)
i=0 j=1
k

= e [[r(p+s(Am™)

= (h(p))" " exp ()\6 - Z log (h (p+6(Am™)) /h(p))) : (5.6)

where A = A\ depends on k(= k.) and will be given later. Since k > |loge|/logm in (3.4),
we have

(h(p))k < glloghlp)l/logm. (5.7)

So we finish the proof by showing that there is a constant M > 0, which does not depend
on ¢, such that

>\€+Zlog (p+6(m™)) /h(p))

< AT 4 h(p) Y (b (p+5(AmT)) = h(p)) < M. (5.8)

=0

Since 0(Am~") is increasing in x, we have

k k+1
Z (p+6(Am™)) = h(p)) < /0 (R (p+6(Am™™)) — h(p)) d. (5.9)

=0

Note that 6(\) = (1 — p)E e~V(-W By (5.2) and Lemma 1(ii), there exists C' > 0 such
that

d(Am™") < C(Am™™)7, (5.10)

with 7 = |log f'(p)|/ log m, thus
k

> (i (p+6(Am™)) = h(p))

=0

IN

/0 ' (h(p+C(Am™")7) = h(p)) dz
A—Tm(E+DT

- 1/(rtogm)- [ 1y (h(p+Cy) - h(p)) dy

;\T b+ 1T
< 1/(rlogm)- / 1y - (h(p+Cy) — h(p)) dy. (5.11)

15



Since p < 1, we may choose & > 0 such that p + dy < 1. We choose A = (C/do)"/™ m*+D.
Then
AmF = m? (C/6)YT = My, (5.12)

and
p+Cy<p+CXT™TmFI = p16,<1, Vy< XTmhHr,

Then we continue (5.11) to get

> (h(p+d(Am™)) = h(p))

=0

80/C
< U(rtogm)- [ 1y (bl +Cu) = i) dy
= My < o0, (5.13)

where we used the fact that

lim1/y - (h(p+ Cy) = h(p)) = CW'(p) < co.
From (5.8), (5.12) and (5.13) we obtain that (5.8) holds with M = M; + M,. We finished
the proof of Theorem 2(d).
6 Examples

We start with some well known facts on the generating function approach to branching
processes. Suppose that f and h are generating functions of the offspring number X and
immigration number Y respectively, i.e.

f(s)=Es* and h(s)=Es", 0<s<l.
For fixed integer k > 1, let fr = f(fx_1) be the k-fold composition of f with fo(s) = s. Set
p(N) =Ee™ and ®(\)=Ee ™M, 0<s<l. (6.1)

Using (2.2) with r = 0, we get
H h(¢ (m*N)) (6.2)

For the remaining part of this section, we assume for 0 < p,q < 1, X =% a + Geo(p)
and Y =% b + Geo(q) where a and b are integers, and X =2 a + Geo(p) is called shift

16



geometric random variable with P(X = a + k) = p(1 — p)*~1, k > 1. Clearly, the mean of
X =%a+ Geo(p) ism=EX = a+ 1/p and the generating function is

a+1

The generating function for Y =% b+ Geo(q) is
h(s)=s""/(s+(1—s)/q), b>-10<qg<1. (6.4)

When a = —1, it is known that (see [WO08] Section 0.9) the generating function of the
offspring is

fls)=p/(1=(1=p)s) 0<p<1/2
The mean of the offspring and extinction probability are
m=(1-p)/p>1,  p=p/(l-p)=1/m (6.5)
respectively, and the Laplace transform of limit W of the martingale m™"7, is given by
Ee ™ = (pA+1-2p)/((1 —p)A+1—2p). (6.6)

When a = 0 and X = Geo(p) is standard geometric, it is well known that (see Example
3 of [FWO07], p.237 for instance)

s
— k=12 --. 6.7
fk(s) S—{—(].—S)/pk’ ) 4y ) ( )
thus we have for any A > 0
Ee ™ = lim f, (exp(—Am™)) = 1/(A + 1). (6.8)

n—oQ

When a > 1, then ¢(A) in (6.1) satisfies

B - ¢(>\)a+1
6m) = FO0N) = S a0 (69)
For A > 0, let
g(A) = —2""log (M) (6.10)

with 8 = log(a + 1)/logm as defined in Theorem 1(b). Combining (6.9) and (6.10), we
obtain

g(mX) = g(A\) + A" [log pl/(a + 1) + A" log (1 = (1 = p)d(N)) /(a + 1).
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The special case of @ = 1 and p = 1/4 in the above equality is studied in detail by Barlow
and Perkins [BP88], in connection with Brownian motion on the sierpinski gasket. We follow
their approach to obtain (6.14) below. Using 0 < ¢()) < 1, it is clear

g(A) < g(mA) < g(A) + A logp|/(a + 1),
which implies that g(m”"\) is increasing with respect to n and
g(A) < g(m"™X) < g(A) + A7 (|logpl/(a+ 1)) (1 —m ™) /(1 = m™7)).

Thus there exists a positive function, denoted by G()), such that

lim g(m"\) = G()\), A >0, (6.11)
n—oo
and it is easy to check that
G(mFA) = G(N), for any integer k. (6.12)

When a = 1 and p = 1/4, from p.573-p.574 in [BP88], it is known that there is an oscillation
for G(x) near 0+, that is

lim inf li . 1
imin G(z) < lgrgi?)lip G(x) (6.13)

By the similar argument in the proof of Proposition 3.1(b) of [BP88], p.572, we can prove
easily that there exist some strictly positive constants C7, Cy and C3 such that

exp(—C1\) <Ee™W < Chexp(—Cs)\%), A >0. (6.14)
This can be refined significantly, even with immigration, and here is our precise estimates.

Proposition 1 Assume that the offspring X = a + Geo(p), and the immigration Y =2
b+ Geo(q) with integers a > —1,b> =1, and m =EX =a+ 1/p.
(i) When a =0 and b > 0, we have

b+1

logEe ™ ~ _210gm(10g A)? as A — oo, (6.15)
Equivalently, according to Lemma 2(i),
b+ 1
log POV < &) ~ —21;m|10g5|2 as € — 0. (6.16)
(i1)) When a =0 and b= —1, we have

lim inf \legdl/losmE o=AW — O jpf 0@ (6.17)

A—00 0<z<1
lim sup A8 d/loemp =W — & qup () (6.18)

A—00 0<z<1

18



where C(x) is defined in (6.41) and

C = exp (—|logg|*/(2logm) — |logq|/2). (6.19)
FEspecially, when m =4, and ¢ = 1/8, we have

0 < lim inf Al /8™ o= W < Jim gup \llegd/loemp =AW oo (6.20)

A—00 A—00

FEquivalently, according to Lemma 1(i),

0 < lim iOHfE_'lqul/lOng(W < ¢) < limsupeleed/loemp()) < ) < 0. (6.21)
E—

e—0

(i1i)) When a > 1 and b > 0, for G(\) defined as in (6.11), we have

liminf AP logEe™ = — sup G(z)-(b+1)(a+1)/a, (6.22)
A—00 O<z<1

limsup AP logEe™ = — inf G(z)-(b+1)(a+1)/a (6.23)
A—00 O<z<1

where  =log(a + 1)/ logm.
Especially when a =1 and p = 1/4, from (6.13), then using Lemma 2(i), we have

—00 < liminf e 3= log P(W < ¢) < limsupe ¥ log P(W <€) < 0. (6.24)

e—0 e—0

(iv) When a > 1 and b= —1, we have

lim inf Allosal/losmE o= W — ¢ ipf =C@9) (6.25)
A—00 0<z<1

lim sup A8/ lemp =AW — ' gup ¢=C@@) (6.26)
A—o0 0<z<1

where C(z, ¢) is defined in (6.62) and C' = exp(—C} — Cy — |log q|/2) with Cy and Cy being
defined in (6.58) and (6.60) respectively.
(v) When a = —1, we have

lim inf Alsh@I/leemp =AW — & inf exp(—C_,(z)), (6.27)
A—>o0 0<a<1

lim sup A8 @)/ loemp =W — ' qup exp(—C_4(x)), (6.28)
A—00 0<z<1

where C' = exp(—C — Cy — |log h(p)|/2) with Cy and Cy being defined in (6.66) and (6.67)
respectively, and C_1(\) being defined in (6.68).

Remark: In special cases, we can check that C(z), C(z,¢) and C_;(x) are not constant

but have near constancy phenomena using Matlab Calculus method. But for the general
case, we can’t prove this result. We only checked that C'(x) is oscillating near 0 for instance.

19



From Proposition 1(ii), the oscillation occurs with immigration even there is no oscillation
without immigration. This is quite unexpected and demonstrates the significant effects of
the immigration. Of course, Proposition 1 also shows that the asymptotic < in our main
Theorem 2 is best possible in the sense that it can not be improved into the more precise
asymptotic ~.

Now we turn to consider W defined in (1.6). Together with (6.6), (6.8), (6.11) and
Proposition 1, it is easy to obtain the following results.

Corollary 1 The same assumption as in Proposition 1.

(i) When a =0 and b > 0, we have

W b+1
2logm

logEe (log \)? as A — 00.

FEquivalently, according to Lemma 2(i),
b+1

logIP’(WSE)N—mOgm]long as e — 0.
1) When a =0 and b = —1, we have
(i) :
s 14+|log q|/logm —AW — : .
ll)r\gg.}f/\ Ee 0;1;21 C/q-exp(C(x)),
lim sup AHleedl/loemp o=V —qup /g - exp(C(x)),
A—00 0<z<1

where C(\) and C are defined in Proposition 1(ii).
(i1i)) When a > 1 and b > 0, for G(\) defined as in (6.11), we have

liin inf AP logEe ™ = — sup G(x)-(a+b+1)/a,

o0 O0<z<1

limsup A\ PlogEe™ = — inf G(2)-(a+b+1)/a,
A—00 O<z<1

where 5 =log(a + 1)/logm.
(iv) When a > 1 and b= —1, we have

lim inf A™° logIEe_’\W = — sup G(z),
A—r00 0<z<1

limsup AP logEe™ = — inf G(x),
A—00 O<x<1

where = log(a + 1)/ logm.
(v) When a = —1, we have

li)r\n inf \lleehe)l/loem o= — ¢ /h(p) - inf exp(—C_1(z)),
—00 O<z<1

lim sup Aleehe)l/loemp o= — ¢ /h(p) - sup exp(—C_y(z)),

A—00 0<x<1

where C', C(x) and p are defined in Proposition 1(v).
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Remark: We should mention that when ¢ = 1 and b = —1, we have W = W. Since (6.8)
and (6.11), we have (ii) and (iv) holds obviously.

Proof of Proposition 1(i) Recall m = 1/p in this case. Combining (6.2), (6.4) and
(6.8), we obtain

I(\) := —logEe ™ = ilog (Am™*+ 1)1+ Ixm7"/q)). (6.29)
k=0

Using the integral representation
log(1 + zm—+) = / (t+ mb)ldt,
0

we can rewrite (6.29) via Fubini theorem to obtain

1

1) = b / “omart [ omai (6.30)

where

=1 *  dx 2, (R m* —mF
t) == = dx. 6.31
Q) ;Hmk /0 t+mf+kz:%/k (t+mF)(t+me) (6.31)

We can explicitly evaluate the integral term in (6.31),

> dr o[ dy _,log(t+1)
/0 P (logm) /1 Sty (logm) ; (6.32)

and also estimate the sum term

o k+1 mx_mk 00 me
OS k T dz S z—1 T dwv
— Jp  (t+mF)(t+m?) o (E+m=H(t+m*)

= %log (L+mt)/(1+1t)) <mC(LAt")(6.33)

for some constant C' > 0, by using the substitution m* = ty for the last integral. Combining
(6.31), (6.32) and (6.33), we have as A — oo

/DAQ(t)dt N /jQ(t)dt

! 1
~ (log m)_l / %dt
1

~ (2logm)~' - (log \)*.
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Thus from (6.30), we have as A — o0
I(\) ~ (b+1)(2logm)~" - (log \)?
which finishes the proof of part (i), in the case b > 0.

Proof of Proposition 1(ii) Letting b = —1 in (6.29), then using

log ((1 +xm 7 /q) [ (Am™F + 1)) = /:/q(t +mF)~dt,

if we define f(x) = 1/(t + m®), then we can write (6.29) as

Mg X
I\ = /A > f(k)dt (6.34)

k=0

We first use Euler-Maclaurin formula to obtain

kﬁ;f(@ = /On f(z)dz + (f(n) + f(0))/2 + Ru(t) (6.35)
where the remainder
Rn&)::éanxﬂﬁcwdx, (6.36)
and
Py(z) =2 — x| —1/2, and |z] is the largest integer less than . (6.37)

Substituting the definition of f(x) and its derivative f’(z) into (6.35), and letting n — oo,
we have

; = loflggtnl) T i py + () (6.38)

with
Re(t) = —logm - / Pu(@)(t +m®) " 2m7da. (6.39)
0
Thus we obtain from (6.34) and (6.38), as A — o0

g log(t + 1) M4 1 Mg
I(\) = —— 2dt+ dt + R (t)dt
() /)\ tlogm /)\ 2(t+1) /)\ *)

= |logq|/logm -log A + |log q|*/(21logm) + | log q| /2 — R(\) + O(A™") (6.40)
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where
Aq oo
R(\) = logm-/ / Py (z)(t +m®) *m*dadt
A 0
1/q poo
[ [ Postw)/ogm) (s + ) Payds
1 1/A

1/q
/1 /0 Py (log(Ay)/ logm) (s +y)2dyds + O(A™Y)
= C(A)+0(™), o

here we use variable substitutions m® = Ay and t = As. Clearly, the function C'()) is
bounded since |P;(z)| < 1/2, and in fact,

1/q poo
el = [ [T tays = toga] < .
1 0

It is easy to check by the periodicity of P;(x) that for any integer £ > 1 and positive real
number z,

C(m™*z) = C(x). (6.42)

Combining (6.40) and (6.42), we obtain (6.17) and (6.18). It is necessary here to show that
the C(x) is oscillating near 0+, that is to say

liminf C(z) < limsup C(x). (6.43)

z—0+ z—0+
In fact, when m = 4 and ¢ = 1/8, using Matlab calculus we found the value of C'(z) satisfies

sup C(z) > C(25-107') = —1.568763331475900

O<x<1

inf C(zr) < C(11-107'%) = —1.609054498122461 (6.44)

0<z<1 -

when z takes values in 11-10719 12-10719 13-1071°,... 31 107! Therefore we obtain
(6.20).

Proof of Proposition 1(iii) From now on, let @ > 1 be an integer. Recall the definition
of ® given by (6.2), and h given by (6.4). For any A > 0 and integer n > 0, we have

(m"\) P log ®(m ">\)

= (b+1)(m ﬂZbggb nk)) — ﬂZbg 1/qg — (1/g — 1)p(m"~*N))
k=0
= (b4 1)II(n,\) — III(n,\), (6.45)
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where = log(a+1)/logm. Now we handle I1(n, \) and I11(n, \) separately. First observe
that

n

II(n,A) = Y (m*)P(m" ™)) log ¢(m" ")) + —f Z log ¢(m
k=0
= IIW(n,\) + 1IP(n, N). (6.46)
By definition the of G(\), we know that for V ¢ > 0, there exists some integer ng such that
|(m*XN)Plog o(m*A) + G(N)| <e, YV k> n,. (6.47)

For fixed integer n large enough, using (6.47), we have

1Ym0 + Y m™G()

k=0
< € Z m 4 Z m_k5< m"*X) P log p(m"FN)| + G(A)). (6.48)
k=n—no+1

By (6.14), the second term of (6.48) is bounded by

i m ™ (Cr+G(\) — 0 as n — . (6.49)

k=n—ngp+1
Combining (6.48) and (6.49), then taking n — oo and ¢ — 0+, we get

mP —1

for the last equality we used the definition of 8 = log(a + 1)/logm. For I1®(n,\), by
Jensen’s inequality, we have

0> logp(m™A) > > —m7X>=)/(m - 1),
i=1 j=1

1T (n, \) —

G\ =—(a+1)/a-G(\) as n — 0o,

and then 17 (n, \) — 0 as n — oo. Therefore we obtain

P
mbP —1

II(n,\) — G\)=—(a+1)/a-G(N) as n — oo. (6.50)

Now, we only need to prove that I11(n,\) — 0. Notice that

ITI(n,A) = (m"\)# > log (1+ (1/g — 1)(1 — ¢(m~*N))

< (m"N) D (1/g—1) (1 - g(mFN))
< (m"N)P(1/g—-1) Y (1—exp(-=m™*N)),



here we used log(1 + ) < z on [0, 00) and Jensen’s inequality. Furthermore, since

[e.9]

Z (1 —exp(—m™*X)) < /OO 1 —exp(—m™*\)dx

k=—n n—1

Amntl
— /0 (1—e)/(ylogm)dy

< /1 1/log mdy + //\m”“ 1/(ylogm)dy
= ((1) +log)\)/logm1+(n+ 1),
we have
I1I(n,\) — 0 as n — 00.
Then combining (6.45), (6.50) and (6.51), we obtain
—(m"A)Plog ®(m"\) — (b+1)(a+1)/a-G(\) as n — 00.

From which we obtain (6.22) and (6.23).

(6.51)

(6.52)

Proof of Proposition 1(iv) By the definition of ® given by (6.2) and h being defined in

(6.4) with b = —1, we have for any real number A > 0,

—log (A Zlog (1/g—(1/q—1)¢ Zf

k=0

Using Euler-Maclaurin formula, we obtain

§jf@wzﬂwfqu+me2+Runo

with
Cbl(/\m x) —x .
1/61- (1/¢ — D)p(Am=)

R\, ¢) = (1/q—1)\logm - /
It is obvious from (6.14) that

£(0) =log (1/q — (1/g = 1)¢(N)) ~ [logg| +o(A™")  as A — c0.

xT

For the first term in (6.54), by variable substitution y = Am ™", we have

00 A
Afmwzlmamramaw@WM%mw
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It is obvious from the definition of ¢ that

/0 log (1/q — (1/g — 1)(y))/(ylog m)dy := (6.59)

is a finite positive constant. Thus we only need to estimate
A
[ os (1/a~ (1/a = Do) log m)dy
1
A
= |logq|/logm -log A +/ log (1= (1= q)¢(y))/(ylogm)dy. (6.59)
1
Using log(l —z) ~ —x as « — 0 and (6.14), we obtain that
[ 1o (1= (1= 9otw) /ylogm)dy
A
~ —(-g)flogm- [ oy)/udy=-o\")  as A o0
A

Thus we obtain that as A — oo,

/1 log (1 — (1 —q)¢(y))/(ylogm)dy

= /100 log (1= (1—¢q)¢(y))/(ylogm)dy + o(A™") := Cy + o(A7"). (6.60)

Combining (6.57)—(6.60), we obtain that

/oof(x)da:rv |log q|/logm -log A + Cy + Cy as A — 00. (6.61)
0
Now we only need to estimate R(\, ¢) in (6.55). Using variable substitution Am~* = y, we
obtain
* Py (log(M/y)/logm) ¢/ (y)
R(A = (1—-g¢q)- d
(A ¢) (1—q) /0 T — (1 —9)0) y
* Py(log(A/y)/logm)¢'(y) -
= (1—gq)- d A
L B e (AT
= C(\,0) +o(A7h) as A — 00. (6.62)

Here we use (6.14) to obtain the second equality. It is easy to check that C'(\, ¢) is bounded
by |logg|. Then using the periodicity of P;, we have for any integer k£ > 0,

C(m*X, ¢) = C(\, ). (6.63)
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Combining (6.53)—(6.56) and (6.61), (6.62), we obtain
Ee M = \llosd/loem exp (—Cy — Oy — [log g]/2) exp(=C(X, 9)),
then together with (6.63), we obtain (6.25) and (6.26).

Proof of Proposition 1(v) Now we assume a = —1. Using (6.2) and (6.6), we have when
h(s) satisfies (6.4),

W H q(pdm™F 4+ 1 —2p)"* (1 — p)Am™F +1 —2p)~°
(1 —2p+pg)Am=" + (1 —2p)q

Define
I(\) = —logE exp(—AW).

When b = —1, we have

o0

Z 1—2p+qp)Am + (1 —2p)q
p)gAm=F 4+ (1 — 2p)q

k=

By Euler-Maclaurin formula, if we define

(1 —2p+qp)dm™" 4+ (1 — 2p)q
(1—=p)gAhm=—=+ (1 —2p)q ’

f(z) =log
then we have

= [T+ L2 [T R s (6:64)

with

°° _ * (1—2p+qp)y+ (1 —2p)g
/0 f(zx)dx = 1/10gm-/0 1/y - log AP+ -2 dy

A 1—2p+gp y+q(1—2p)/(1—2p+qp)
= (C;+1/lo m-/l -(10 + 1o )d
1+ 1/ log 1 /v & (1-p)q s y+(1—-2p)/(1—p) Y
= Ci+|logh(p)|/logm -log A+ Cy = O(A™!) as A — oo (6.65)

where we used the definition of p in (6.5) and h in (6.4) with b = —1 for the last equality,
and

1 1oem | 1w 10 L= 2P Fap)y + (1= 2p)g
=1/ [ 1fy-tog E L (6.66)
and
_ T q0e Y e —2p)/(1 — 2p + qp)
Cy=1/logm /1 1/y - log (=29 /(=) dy. (6.67)
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By the definition of f’(z) and P;(z) in (6.37), we obtain that the third term of (6.64) is

B /°° (1—-2p)*(1—¢q) - Am~" -logm Py (z)
0 (I1—=p)-Am*+(1=2p) (1-2p+qp)Am=+ (1 —2p)q
_ _/A (1—2p)*(1—q) Py (log(\/y)/logm)
o I1=p)-y+(1-=2p)(1—2p+gqp)-y+(1-2p)g
*  (1-2p)?(1—gq) Py (log(\/y)/logm) 4
L Gy O m T e oy (g OO
= C_1(\)+0(\™), as A — 00 (6.68)

dx

and it is easy to check that C'"_1()) is a bounded periodic function. Notice that
(0) = [log h(p)l, (6.69)
then together with (6.64), (6.65), (6.68) and (6.69), we obtain
I(X) = |log h(p)|/logm -log A\ + C1 + Cy + |log h(p)|/2 + C_1(X) as A — oo, (6.70)

which implies (6.27) and (6.28).
When b > 0, we can similarly obtain (6.27) and (6.28), and the details are omitted.
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