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Abstract Finding semiparametric bounds for option prices is a widely studied pricing technique.

We obtain closed-form semiparametric bounds of the mean and variance for the pay-off of two exotic

(Collar and Gap) call options given mean and variance information on the underlying asset price. Math-

ematically, we extended domination technique by quadratic functions to bound mean and variances.
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1 Introduction

The problem of finding bounds for option prices under incomplete market conditions or an
incomplete knowledge of the distribution of the price of the underlying assets has been studied
extensively in the literature (see, e.g., Zuluaga, et al.[1], Vandenberghe, et al.[2], d’Aspremont
and Ghaoui[3], Hobson, et al.[4], Laurence and Wang[5], Popescu[6], Bertsimas and Popescu[7, 8],
Boyle and Lin[9], Grundy[10], Lo[11], Levy[12] and Ritchken[13], and the references therein).
Here we study bounds on the expected pay-off and variance of two exotic call options, Collar
option and Gap option, given only information on the moments of the underlying asset price
at maturity. Following Zuluaga, et al.[1], which provide detailed justifications, these types of
bounds are called semiparametric bounds. The interest in finding semiparametric bounds for
option prices stems mainly from weaker assumptions about the distribution of the underlying
asset price S.

The first, now classical, results in this area were derived by Scarf[14] in the context of an
inventory control problem and used by Lo[11] on the pay-off function max(0, S −K) of a Eu-
ropean call option when mean and second-order moment information about the asset price S
at maturity is available. Namely, given ES = m1 and ES2 = m2 of the stock price S � 0, the
optimal upper bound on a European option with strike price K > 0 is

E max(0, S −K) �

⎧
⎨

⎩

2−1
(
m1 −K +

√
m2 − 2m1K +K2

)
, if K � m2/2m1,

m1 −Km2
1/m2, if K � m2/2m1.

(1.1)
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Lo[11] used the bound in the following way: he assumed a certain model for the underlying
risk-neutral asset distribution (e.g., lognormal or jump diffusion) and then obtained the risk-
neutral moments from this model. The resulting option price bounds, and observed prices are
then used to show how sensitive the option prices are to model misspecification.

Recently, Liu and Li[15] improved the bound in (1.1) under the additional condition that
X is bounded by M or the condition that S has a unimodal distribution, or both. More
importantly, they provided a sharper bound on the variance than the well-known estimate
Varmax(0, S − K) � Var(S) = m2 − m2

1 when S ∈ [0,M ]. Namely, given ES = m1 and
ES2 = m2 of the stock price S ∈ [0,M ],

Varmax(0, S −K) � m2 −m2
1 −

(m2 −m1K)(2M −K)(K(M −m1) − (Mm1 −m2))
2M2(M −K)

for K ∈ ((Mm1 −m2)/(M −m1),m2/m1). It should be emphasized that the above result for
variance is much harder to obtain from the point of view of probability theory. Additional study
and applications for various options should be carried out. In general, semiparametric bounds
can be used to set bounds for option prices under the risk-neutral measure pricing theory, and
to examine the relationship between option prices and the true, as opposed to risk-neutral,
distribution of the underlying asset, see, e.g., De la Pena, et al.[16] and Boyle and Lin[9].

In this paper, we do not consider any specific models for S or practical applications but only
theoretical interests from probabilistic point of view. The goal is to provide sharper bounds
on the mean and variance of the payoff function associated with a given call option. We first
consider Collar option with shifted pay-off function

hc(S) = min(max(0, S −K1),K2 −K1) = (S −K1)+ − (S −K2)+ (1.2)

with constants K2 > K1 > 0. The optimal upper and lower bounds for mean are given
in Propositions 2.1 and 2.2. The variance estimates are given in Theorem 2.1. The precise
statements are given in Section 2 together with their proofs. The techniques are based on
domination by quadratic functions. The main difficulty in the proof of Theorem 2.1 is the
construction of a majorizing quadratic function in two variables. We also consider similar
estimates for the Gap option with pay-off function

hg(S) = S1(S�K), (1.3)

where K > 0 is a fixed constant. Precise statements are given in Section 3 together with their
proofs.

The overall goal of this paper is to derive closed-form semiparametric bounds for mean and
variance on two pay-off functions motivated by works on exotic call options. Our results are of
interests to various applied areas of probability, statistics, economics, and operations research,
since closed-form expressions are of both practical and theoretical significance, as they allow for
easy computation of the bounds, and the performance of sensitivity analysis and optimization
over the parameters involved in the problem.

2 Mean and variance bounds on collar option

We first consider the Collar option with shifted pay-off function given in (1.2). All possible
range of parameters for K1 and K2 are considered for various bounds of means and precise
distributions that attain these bounds are given.
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Proposition 2.1. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
0 � K1 < K2 < M fixed. Then the following holds.

(i) If 0 < K2 � (Mm1 −m2)/(M −m1), then trivially

E min(max(0, S −K1),K2 −K1) � K2 −K1

and equality holds if S takes only two values K2 and (m2 − m1K2)/(m1 − K2), with P(S =
K2) = (m2 −m2

1)/(m2 −m2
1 + (m1 −K2)2).

(ii) If (Mm1 −m2)/(M −m1) < K2 � m2/m1, then

E min(max(0, S −K1),K2 −K1) � (K2 −K1)(Mm1 +K2m1 −m2)/MK2

and the equality holds if S takes only three values, 0, K2 and M , with P(S = 0) = ((M −
m1)K2− (Mm1−m2))/MK2, P(S = K2) = (Mm1−m2)/(M −K2)K2, and P(S = 0)+P(S =
K2) = 1 − (m2 −K2m1)/M(M −K2) < 1.

(iii) If m2/m1 � K2, 0 � K1 � m2/2m1, then

E min(max(0, S −K1),K2 −K1) � m1 −K1m
2
1/m2

and equality holds if S takes only two values 0 and m2/m1, with P(S = m2/m1) = m2
1/m2.

(iv) If m2/m1 � K2,m2/2m1 � K1 � (K2
2 −m2)/2(K2 −m1), then

E min(max(0, S −K1),K2 −K1) � (m1 −K1 + L)/2,

where L = (K2
1 − 2m1K1 +m2)1/2. The equality holds if S takes only two values, K1 − L and

K1 + L, with P(S = K1 − L) = (m2 −m2
1)/2(L2 −K1L+m1L).

(v) If m2/m1 � K2, (K2
2 −m2)/2(K2 −m1) � K1 < K2, then

E min(max(0, S −K1),K2 −K1) � (K2 −K1)(m2 −m2
1)/(K

2
2 − 2K2m1 +m2)

and the equality holds if S takes only two values, (K2m1 − m2)/(K2 − m1) and K2, with
P(S = K2) = (m2 −m2

1)/(K
2
2 − 2K2m1 +m2).

Note that the trivial bound in (i) always holds but it is worse than bounds given in all other
cases and this is the key point of this proposition.

Proof. We follow the general principle of dominating the function min(max(0, s−K1),K2 −
K1) by quadratic function Q(s) = α + βs + γs2, where α, β and γ are constants, such that
min(max(0, s−K1),K2 −K1) � Q(s). Then

E min(max(0, S −K1),K2 −K1) � min
Q

EQ(S) = min
α,β,γ

(α + βm1 + γm2).

Denote

ψ(s) = min(max(0, s−K1),K2 −K1).

In the case (i), it is trivial. Notice that since 0 < K2 � (Mm1 −m2)/(M −m1) < m1, then
the value of optimal discrete distribution S satisfies (m2 −m1K2)/(m1 −K2) ∈ (K2,M). Thus
the optimal discrete distribution is well defined.
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In the case (ii), we take

Q2(s) = (K2 −K1)s(M +K2 − s)/MK2.

To check ψ(s) � Q2(s), divide the range 0 � s � M into three parts: (1) If 0 � s � K1, then
Q2(s) − ψ(s) = Q2(s) � 0. (2) If K1 � s � K2, then

Q2(s) − ψ(s) = (−(K2 −K1)s2 + (K2
2 −MK1 −K1K2)s+MK1K2)/MK2,

and thus
Q2(K1) − ψ(K1) = (K2 −K1)K1(M +K2 −K1)/MK2 > 0

and Q2(K2) − ψ(K2) = 0. Observing that Q2(s) − ψ(s) is concave, thus Q2(s) − ψ(s) �
min(Q2(K1) − ψ(K1), Q2(K2) − ψ(K2)) � 0. (3) If K2 � s � M , then Q2(s) − ψ(s) =
(K2 − K1)(M − s)(s − K2)/MK2 � 0. Therefore, Q2(s) − ψ(s) � 0 in the whole range
0 � s � M . Hence

E min(max(0, S −K1),K2 −K1) � EQ2(S) = (K2 −K1)(Mm1 +K2m1 −m2)/MK2.

In the case (iii), let
Q3(s) = K1(m1s−m2)2/m2

2 + s−K1.

To check ψ(s) � Q3(s), divide the range 0 � s � M into three parts: (1) If 0 � s � K1,
then Q3(s) − ψ(s) = m2

1K1s
2/m2

2 + (m2 − 2m1K1)s/m2 � 0. (2) If K1 � s � K2, then
Q3(s) − ψ(s) = K1(m1s−m2)2/m2

2 � 0. (3) If K2 � s � M , then Q3(s) − ψ(s) = K1(m1s −
m2)2/m2

2 + s−K2 � 0. Hence

E min(max(0, S −K1),K2 −K1) � EQ3(S) = m1 −K1m
2
1/m2.

In the case (iv), put Q4(s) = (s − K1 + L)2/4L. To check ψ(s) � Q4(s), note that (1) If
0 � s � K1, then Q4(s) − ψ(s) = Q4(s) � 0. (2) If K1 � s � K2, then Q4(s) − ψ(s) =
(s−K1 − L)2/4L > 0. (3) If K2 � s � M , then

Q4(s) − ψ(s) = (s−K1 − L)2/4L+ s−K2 > 0.

Hence
E min(max(0, S −K1),K2 −K1) � EQ4(S) = (m1 −K1 + L)/2.

In the range m2/m1 � K2, (K2
2 −m2)/2(K2 −m1) � K1 < K2, one can observe 0 < K1 −L <

m1 < K1 + L < K2. Since (L + m1 − K1)(L − (m1 − K1)) = m2 − m2
1, then L(1 − P(S =

K1 −L)) = (m1 −K1 +L)/2 and thus P(S = K1 −L) < 1. So the optimal discrete distribution
is well defined.

In the case (v), take

Q5(s) = (K2 −K1)(K2m1 −m2 − (K2 −m1)s)2/(K2
2 − 2K2m1 +m2)2.

We can check ψ(s) � Q5(s) as follows: (1) If 0 � s � K1, then Q5(s) − ψ(s) = Q5(s) � 0. (2)
If K1 � s � K2, then the derivative

Q′
5(s) − ψ′(s) =

(K2 −K1)(K2 −m1)2(2(K2 −K1)(s− t0) − (K2 − t0)2)
(K2

2 − 2K2m1 +m2)2
,
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where t0 = (K2m1 − m2)/(K2 − m1). One can observe Q′
5(s) − ψ′(s) is increasing and then

Q′
5(s) − ψ′(s) � Q′

5(K2) − ψ′(K2) � 0 by using the range of m2/m1 � K2, (K2
2 −m2)/2(K2 −

m1) � K1 < K2, then Q5(s)−ψ(s) is decreasing and Q5(s)−ψ(s) � Q5(K2)−ψ(K2) = 0. (3)
if K2 � s � M , then

Q5(s) − ψ(s) =
(K2 −K1)(K2 −m1)(s−K2)((K2 −m1)(s+K2 − 2m1) + 2(m2 −m2

1))
(K2

2 − 2K2m1 +m2)2
> 0.

Hence

E min(max(0, S −K1),K2 −K1) � EQ5(S) = (K2 −K1)(m2 −m2
1)/(K

2
2 − 2K2m1 +m2).

This finishes the proof.
Next we provide lower bounds which are of interests from probabilistic point of view.

Proposition 2.2. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
0 � K1 < K2 < M fixed. Then the following holds.

(i) If 0 � K1 < (Mm1 −m2)/(M −m1),K1 < K2 < (m2 −K2
1)/2(m1 −K1), then

E min(max(0, S −K1),K2 −K1) � (K2 −K1)(1 − (m2 −m2
1)/(K

2
1 − 2K1m1 +m2))

and the equality holds if S takes only two values, (m2 − K1m1)/(m1 − K1) and K1, with
P(S = K1) = (m2 −m2

1)/(K
2
1 − 2K1m1 +m2).

(ii) If 0 � K1 < (Mm1 −m2)/(M −m1), (m2 −K2
1 )/2(m1 −K1) � K2 � (M2 −m2)/2(M −

m1), then
E min(max(0, S −K1),K2 −K1) � K2 −K1 − (K2 −m1 + T )/2,

where T = (K2
2 − 2m1K2 +m2)1/2. The equality holds if S takes only two values, K2 − T and

K2 + T , with P(S = K2 − T ) = (m2 −m2
1)/2(T 2 −K2T +m1T ).

(iii) If 0 � K1 < (Mm1 −m2)/(M −m1), (M2 −m2)/2(M −m1) � K2 � M , then

E min(max(0, S −K1),K2 −K1) � m1 −K1 − (M −K2)(m2 −m2
1)

M2 − 2Mm1 +m2

and the equality holds if S takes only two values, (Mm1 −m2)/(M −m1) and M , with P(S =
M) = (m2 −m2

1)/(M
2 − 2Mm1 +m2).

(iv) If (Mm1 −m2)/(M −m1) � K1 � m2/m1, then

E min(max(0, S −K1),K2 −K1) � (K2 −K1)(m2 −K1m1)/M(M −K1)

and the equality holds if S takes only three values, 0, K1 and M , with P(S = M) = (m2 −
K1m1)/M(M −K1), P(S = K1) = (Mm1 −m2)/(M −K1)K1 and P(S = M) + P(S = K1) =
(Mm1 −m2 +m1K1)/MK1 < 1.

(v) If K1 � m2/m1, then trivially E min(max(0, S −K1),K2 −K1) � 0, and equality holds
if S takes only two values 0 and m2/m1, with P(S = m2/m1) = m2

1/m2.

Proof. We follow the same idea as that in Proposition 2.1, that is, dominating the function
min(max(0, s −K1),K2 − K1) by quadratic function Q(s) = α + βs + γs2, where α, β and γ

are constants, such that min(max(0, s−K1),K2 −K1) � Q(s). Then

E min(max(0, S −K1),K2 −K1) � max
Q

EQ(S) = max
α,β,γ

(α + βm1 + γm2).
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Denote

ψ(s) = min(max(0, s−K1),K2 −K1).

In the case (i), we take

Q1(s) = K2 −K1 − (K2 −K1)(K1m1 −m2 − (K1 −m1)s)2/(K2
1 − 2K1m1 +m2)2.

We can then check ψ(s) � Q1(s) as follows: (1) In the region 0 � s � K1, since ψ(s) −Q1(s)
is monotone decreasing, then ψ(s) −Q1(s) � ψ(K1) −Q1(K1) = 0. (2) If K1 � s � K2, then
ψ(s) − Q1(s) is a convex quadratic function and its symmetric axis is smaller than K1 (since
K2 < (m2 −K2

1)/2(m1 −K1)). These together with ψ(K1) −Q1(K1) = 0 gives ψ(s) � Q1(s).
(3) If K2 � s � M , then obviously ψ(s) −Q1(s) = K2 −K1 −Q1(s) � 0. Thus

E min(max(0, S −K1),K2 −K1) � EQ1(S)

= (K2 −K1)(1 − (m2 −m2
1)/(K

2
1 − 2K1m1 +m2)).

In the case (ii), let

Q2(s) = K2 −K1 − (s−K2 − T )2/4T,

where T = (K2
2 − 2m1K2 +m2)1/2. To check ψ(s) � Q2(s), observe that Q2(K2 − T ) = K2 −

T −K1, the derivative Q′
2(K2−T ) = 1, Q2(K2 +T ) = K2−K1, the derivative Q′

2(K2 +T ) = 0
and by the range of K2 in (ii), one can see K2 − T > K1, K2 + T < M , hence Q2(s) is tangent
with ψ(s) at two points K2 − T , K2 + T . And then the concave function Q2(s) � ψ(s). Thus

E min(max(0, S −K1),K2 −K1) � EQ2(S) = K2 −K1 − (K2 −m1 + T )/2.

Notice that TP(S = K2 − T ) = (K2 −m1 + T )/2 < T , thus P(S = K2 − T ) < 1.
In the case (iii), take

Q3(s) = s−K1 − (M −K2)(s− d)2/(M − d)2,

where d = (Mm1−m2)/(M−m1). Then we can check ψ(s) � Q3(s) as follows: (1) In the region
0 � s � K1, since ψ(s)−Q3(s) is monotone decreasing, then ψ(s)−Q3(s) � ψ(K1)−Q3(K1) �
0. (2) If K1 � s � K2, then

ψ(s) −Q3(s) = (M −K2)(s− d)2/(M − d)2 � 0.

(3) If K2 � s � M , then ψ(s) − Q3(s) is a convex quadratic function and its symmetric axis
is larger than M , this together with ψ(M) − Q3(M) = 0 and ψ(K2) − Q3(K2) > 0 gives
ψ(s) −Q3(s) � 0. Thus,

E min(max(0, S −K1),K2 −K1) � EQ3(S) = m1 −K1 − (M −K2)(m2 −m2
1)

M2 − 2Mm1 +m2
.

In the case (iv), we put

Q4(s) = (K2 −K1)(s2 −K1s)/M(M −K1).
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To check ψ(s) � Q4(s), note that (1) in the region 0 � s � K1, obviously ψ(s) = 0 � Q4(s).
(2) If K1 � s � K2, then

ψ(s) −Q4(s) = (s−K1)(1 − s(K2 −K1)/M(M −K1)) � 0.

(3) If K2 � s � M ,

ψ(s) −Q4(s) = (K2 −K1)(M − s)(M + s−K1)/M(M −K1) � 0.

Thus,

E min(max(0, S −K1),K2 −K1) � EQ4(S) = (K2 −K1)(m2 −K1m1)/M(M −K1).

This finishes the proof.
Next we present one of the main results of this paper which improves the simple bounds

Varmin(max(0, S −K1),K2 −K1) � Varmax(0, S −K1) � Var(S) = m2 −m2
1

on the variance for certain range of parameters. In particular, it is very good when K2 > K1

are close to each other. It should be pointed out that the only known results of this type, as
far as we know, was given in [15] for European option. The method used here is similar but
requires special constructions which are hard to find.

Theorem 2.1. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
0 � K1 < K2 < M fixed. Then

Varmin(max(0, S −K1),K2 −K1)

� (K2 −K1)2
(

(2Mm1 −m2
1)

2M2
+

(Mm1 −m2)(2M2 −Mm1 −m2)
2M3K2

+
(MK1m

2
1 −m2

2)
2M3(M −K1)

)

.

Proof. After representing the variance with an independent copy, the key idea is finding good
functions Q(s, t) such that

(min(max(0,s−K1),K2 −K1) − min(max(0, t−K1),K2 −K1))2

� Q(s, t) = a1s+ a2t+ a3s
2 + a4t

2 + a5st+ a6s
2t2 + a7,

where ai (i = 1, . . . , 7) are constants. Then

Varmin(max(0, S −K1),K2 −K1)

=
1
2

E(min(max(0, S −K1),K2 −K1) − min(max(0, T −K1),K2 −K1))2

� min
Q

1
2

EQ(S, T ),

where S and T are i.i.d. random variables.
In our setting, we construct a special quadratic function

Q0(s, t) = (K2 −K1)2
{(

(M −K1 −K2)t2

M3K2(M −K1)
− 1
MK2

)

s2
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+
(

(K1K2 − (M +K2)(M −K1))t
M2K2(M −K1)

+
(M +K2)
MK2

)

s

+
(M +K2)t
MK2

− t2

MK2

}

.

Denote

ψ(s, t) = (min(max(0, s−K1),K2 −K1) − min(max(0, t−K1),K2 −K1))2

and
Gt(s) = Q0(s, t) − ψ(s, t).

To check Gt(s) � 0, note that as 0 � t � M , the coefficient of s2 in Q0(s, t) is negative, so
Q0(s, t) is concave as a function of s for fixed t, we divide the range 0 � t � M into three parts:

Case (i): Fixed 0 � t � K1, then

ψ(s, t) =

⎧
⎪⎪⎨

⎪⎪⎩

0, if 0 � s � K1,

(s−K1)2, if K1 � s � K2,

(K2 −K1)2, if K2 � s � M.

Note that for fixed t, ψ(s, t) is convex and increasing as a function of s ∈ [K1,K2] and is
constant for s ∈ [0,K1] and s ∈ [K2,M ]. On the other hand, Q0(s, t) is concave as a function
of s for any fixed t. Thus to show Q0(s, t) � ψ(s, t), or Gt(s) = Q0(s, t) − ψ(s, t) � 0, we only
need to check it at three locations, namely s = 0,K2,M . It is easy to check

Gt(0) = Q0(0, t) − 0 � 0,

Gt(M) = Q0(M, t) − ψ(M, t) = (K2 −K1)2t(K1 − t)/M(M −K1) � 0,

Gt(K2) = (K2 −K1)2t
(

(M2 −K2
2)(M − t)

M3K2
+
K2(MK1 −K2t)
M3(M −K1)

)

� 0.

And thus we see

Q0(0, t) � ψ(0, t), Q0(K2, t) � ψ(K2, t), Q0(M, t) � ψ(M, t),

which finishes the case (i).

Case (ii). For fixed K1 � t � K2, then

ψ(s, t) =

⎧
⎪⎪⎨

⎪⎪⎩

(t−K1)2, if 0 � s � K1,

(s− t)2, if K1 � s � K2,

(K2 − t)2, if K2 � s � M.

Note that for fixed t, ψ(s, t) is convex as a function of s ∈ [K1,K2] and is constant for s ∈ [0,K1]
and s ∈ [K2,M ]. On the other hand, Q0(s, t) is concave as a function of s for any fixed t. Thus
to show Q0(s, t) � ψ(s, t), or Gt(s) = Q0(s, t) − ψ(s, t) � 0, we only need to check it at four
locations, namely s = 0,K1,K2,M . First note that

Gt(0) = −
(

(K2 −K1)2

MK2
+ 1

)

t2 +
(

2K1 +
(K2 −K1)2(M +K2)

MK2

)

t−K2
1 ,
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which implies Gt(0) � min(GK1(0), GK2(0)) � 0 for the concave function Gt(0). Similarly, it
is easy to see

Gt(M) = −
(

(K2 −K1)2

M(M −K1)
+ 1

)

t2 +
(

2K2 +
(K2 −K1)2K1

M(M −K1)

)

t+K2
1 − 2K1K2

� min(GK1(M), GK2(M)) � 0.

Next we have

Gt(K1) = (K2 −K1)2
{

− (M −K1)2(M +K1) +K2
1K2

M3K2(M −K1)
t2

+
(M +K2)(M −K1)2 +K2

1K2

M2K2(M −K1)
t− (M −K1)(K2 −K1)

MK2

}

+ (K2 −K1)2 − (K1 − t)2

and thus the concavity implies

Gt(K1) � min(GK1(K1), GK2(K1)).

By simple computations,

GK1(K1) =
(K2 −K1)2K1(K2(K2

1 + 2M2 −MK1) + (M −K1)2(2M +K1))
M3K2

� 0

and

GK2(K1) =
(K2 −K1)2((M −K1)2K1(M2 −K2

2 ) +K2
1K

2
2 (M −K2))

M3(M −K1)K2
� 0.

Finally, we have

Gt(K2) = (K2 −K1)2t
(

(M2 −K2
2 )(M − t)

M3K2
+
K2(MK1 −K2t)
M3(M −K1)

)

+ (K2 −K1)2 − (K2 − t)2,

which implies by concavity Gt(K2) � min(GK1(K2), GK2(K2)). Once again, simple computa-
tions show that

GK1(K2) =
(K2 −K1)2(M −K2)K1((M −K1)2(M +K2) +K1K

2
2)

M3(M −K1)K2
� 0,

GK2(K2) =
(K2 −K1)2(M2 −K2

2 )((M −K1)2 +M(M −K2) +K1K2 +K2
2 −K2

1 )
M3(M −K1)

� 0,

which implies Gt(K2) � 0. Putting above together, one can obtain

Q0(0, t) � ψ(0, t), Q0(K1, t) � ψ(K1, t), Q0(K2, t) � ψ(K2, t), Q0(M, t) � ψ(M, t),

which finishes the case (ii).

Case (iii). For fixed K2 � t � M , one can obtain

ψ(s, t) =

⎧
⎪⎪⎨

⎪⎪⎩

(K2 −K1)2, if 0 � s � K1,

(K2 − s)2, if K1 � s � K2,

0, if K2 � s � M.
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Note that for fixed t, ψ(s, t) is convex and decreasing as a function of s ∈ [K1,K2] and is
constant for s ∈ [0,K1] and s ∈ [K2,M ]. On the other hand, Q0(s, t) is concave as a function
of s for any fixed t. Thus to show Q0(s, t) � ψ(s, t), or Gt(s) = Q0(s, t) − ψ(s, t) � 0, we only
need to check it at three locations, namely s = 0,K1,M .

It is easy to check Gt(0) = (K2 −K1)2(M − t)(t−K2)/MK2 � 0. Next we find

Gt(K1) = (K2 −K1)2
{

− (M −K1)2(M +K1) +K2
1K2

M3K2(M −K1)
t2

+
(M +K2)(M −K1)2 +K2

1K2

M2K2(M −K1)
t− (M −K1)(K2 −K1)

MK2

}

,

which is a concave function and thus implies

Gt(K1) � min(GK2(K1), GM (K1)) = 0.

Also,
Gt(M) = (K2 −K1)2(M − t)(M + t−K1)/M(M −K1) � 0.

Hence,
Q0(0, t) � ψ(0, t), Q0(K1, t) � ψ(K1, t), Q0(M, t) � ψ(M, t),

which gives Q0(s, t) � ψ(s, t). Putting three cases together, we obtain

Varmin(max(0, S −K1),K2 −K1)

=
1
2

E(min(max(0, S −K1),K2 −K1) − min(max(0, T −K1),K2 −K1))2

=
1
2

Eψ(S, T ) � 1
2

EQ0(S, T )

= (K2 −K1)2
(

(2Mm1 −m2
1)

2M2
+

(Mm1 −m2)(2M2 −Mm1 −m2)
2M3K2

+
(MK1m

2
1 −m2

2)
2M3(M −K1)

)

.

Note that for any fixed K1, as K2 approaches to K1, the upper bound approaches to 0,
smaller than trivial bound m2 −m2

1. We complete this proof.

3 Mean and variance bounds on gap option

In this section we consider the gap option with pay-off function given in (1.3). All possible range
of parameters for K > 0 are considered for various bounds of means, and precise distributions
that attain these bounds are given.

Proposition 3.1. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
K ∈ [0,M ] fixed. Then the following holds.

(i) If K � m2/m1, then trivially ES1(S�K) � m1, and equality holds if S takes only two
values 0 and m2/m1, with probabilities P(S = 0) = 1 −m2

1/m2. Here 1(S�K) is an indicator
function which takes 1 for (S � K) and 0 otherwise.

(ii) If K � m2/m1, then

ES1(S�K) � K(m2 −m2
1)/(m2 − 2m1K +K2)

and the equality holds if S takes only two values K and (m1K−m2)/(K−m1), with probabilities
P(S = K) = (m2−m2

1)/(m2−2m1K+K2), P(S = (m1K−m2)/(K−m1)) = (K−m1)2/(m2−
2m1K +K2).
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Proof. For the case (ii), we follow the general principle of dominating the function s1(s�K)

by quadratic function. Consider quadratic functions Q(s) = α+βs+ γs2, where α, β and γ are
constants, such that s1(s�K) � Q(s). Then

ES1(S�K) � min
Q

EQ(S) = min
α,β,γ

(α + βm1 + γm2).

In our setting, we take

Q(s) = Q0(s) = K((K −m1)s− (m1K −m2))2/(m2 − 2m1K +K2)2.

To check s1(s�K) � Q0(s), let
G(s) = Q0(s) − s1(s�K),

then we only need to check G(s) � 0. (1) If s < K, then obviously G(s) = Q0(s) − 0 � 0. (2)
If s � K, then

G(s) = Q0(s) − s =
K(s−K)2(K −m1)2

(m2 − 2m1K +K2)2
+

(K2 −m2)
(m2 − 2m1K +K2)

.

Since K � m2/m1, then K2 � m2 which gives G(s) � 0. Hence

ES1(S�K) � EQ0(S) = K(m2 −m2
1)/(m2 − 2m1K +K2).

Notice that K � m2/m1 > m1 > (Mm1 −m2)/(M −m1), then the value of optimal discrete
distribution S satisfies 0 < (m1K −m2)/(K −m1) < K. And as K � m2/m1, the bound is
smaller than trivial bound m1. We complete the proof.

Next we provide lower bounds which are of interests from probabilistic point of view.

Proposition 3.2. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
K ∈ [0,M ] fixed. Then

(i) If 0 � K � (Mm1 −m2)/(M −m1), then

ES1(S>K) � m1 − K(m2 −m2
1)

m2 − 2Km1 +K2

and equality holds if S takes only two values K, and (m2 −m1K)/(m1 −K), with probability
P(S = K) = (m2 −m2

1)/(m2 − 2m1K +K2).
(ii) If (Mm1 −m2)/(M −m1) � K � m2/m1, then

ES1(S>K) � (m2 −Km1)/(M −K)

and the equality holds if S takes only three values, 0, K and M , with P(S = K) = (Mm1 −
m2)/K(M − K), P(S = M) = (m2 − m1K)/M(M − K), and P(S = K) + P(S = M) =
(Mm1 −m2 +m1K)/MK < 1.

(iii) If m2/m1 � K � M , then trivially ES1(S>K) � 0, and equality holds if S takes only
two values 0 and m2/m1, with probability P(S = 0) = 1 −m2

1/m2.

Proof. We use the same idea as in the proof of Proposition 3.1. In the case (i), we take

Q1(s) =
(s−K)(b2 − sK)

(b−K)2
,



Semiparametric bounds of mean and variance for exotic options 1457

where b = (m2 −m1K)/(m1 −K). Note that K < b < M . To check Q1(s) � s1(s>K), observe
that if 0 � s � K, then Q1(s) − s1(s>K) = Q1(s) � 0; if K � s � M , then Q1(s) − s1(s>K) =
−K(s− b)2/(b−K)2 � 0. Hence Q1(s) � s1(s>K) holds and we obtain

ES1(S>K) � EQ1(S) = m1 − K(m2 −m2
1)

m2 − 2Km1 +K2
.

In the case (ii), let
Q2(s) = (s2 −Ks)/(M −K).

To check Q2(s) � s1(s>K), observe that if 0 � s � K, then Q2(s) − s1(s>K) = Q2(s) � 0; if
K � s � M , then Q2(s) − s1(s>K) = −s(M − s)/(M −K) � 0. Hence Q2(s) � s1(s>K) holds
and we obtain

ES1(S>K) � EQ2(S) = (m2 −Km1)/(M −K).

This finishes the proof.
Next we present our improvement on the variance for certain range of parameters. This case

is much simpler than the case in Theorem 2.1. Note first that we have the trivial bounds

VarS1(S�K) = ES21(S�K) − (ES1(S�K))2 � m2 −K2,

which is sharp for S = K. However, the information on the mean ES = m1 was lost. The
estimates below can be very good for small value K > 0. It is easy to check that it is worse
than the bound m2 −K2 for K � m1.

Theorem 3.1. Given any random variable S ∈ [0,M ] with ES = m1 and ES2 = m2 and
K ∈ [0,M ] fixed. Then

VarS1(S�K) � m2 − max
(

K2,
(2M −K)m2

2

2M2(M −K)
− Km2

1

2(M −K)

)

where 1(S�K) is an indicator function which takes 1 for (S � K) and 0 otherwise.

Proof. Let S and T are i.i.d. random variables, then

VarS1(S�K) =
1
2

E(S1(S�K) − T 1(T�K))2.

Thus, if we find a good function Q(s, t) = a1s + a2t + a3s
2 + a4t

2 + a5st + a6s
2t2 + a7, such

that (s1(s�K) − t1(t�K))2 � Q(s, t), then VarS1(S�K) � 1
2EQ(S, T ). In our setting, we take

Q(s, t) = s2 + t2 +
Kst

M −K
− (2M −K)s2t2

M2(M −K)
.

Denoting ψ(s, t) = (s1(s�K) − t1(t�K))2, to check

ψ(s, t) = (s1(s�K) − t1(t�K))2 � Q(s, t),

we divide the region 0 � s, t � M into four parts:
(1) If 0 � s, t < K, then

Q(s, t) − ψ(s, t) = s2
(

1 − t2

M2

)

+ t2 +
st(MK − st)
M(M −K)

� 0.
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(2) If 0 � t < K,K � s � M , then we have

Q(s, t) − ψ(s, t) = t2
(

1 − s2

M2

)

+
st(MK − st)
M(M −K)

� 0.

(3) If 0 � s < K,K � t � M , then we obtain

Q(s, t) − ψ(s, t) = s2
(

1 − t2

M2

)

+
st(MK − st)
M(M −K)

� 0.

(4) If K � s, t � M , then

Q(s, t) − ψ(s, t) =
(2M −K)st(M2 − st)

M2(M −K)
� 0.

Hence, ψ(s, t) = (s1(s�K) − t1(t�K))2 � Q(s, t). Therefore

VarS1(S�K) =
1
2

E(S1(S�K) − T 1(T�K))2

� 1
2

EQ(S, T ) = m2 −
(

(2M −K)m2
2

2M2(M −K)
− Km2

1

2(M −K)

)

.

Note that for small value K > 0, the far right is smaller than trivial bound m2 − K2. This
finishes the proof.
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