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Abstract. We study the large and moderate deviations for intersection local times generated
by, respectively, independent Brownian local times and independent local times of symmet-
ric random walks. Our result in the Brownian case generalizes the large deviation principle
achieved in Mansmann (1991) for the L,-norm of Brownian local times, and coincides
with the large deviation obtained by Csorgd, Shi and Yor (1999) for self intersection local
times of Brownian bridges. Our approach relies on a Feynman-Kac type large deviation for
Brownian occupation time, certain localization techniques from Donsker-Varadhan (1975)
and Mansmann (1991), and some general methods developed along the line of probability
in Banach space. Our treatment in the case of random walks also involves rescaling, spectral
representation and invariance principle. The law of the iterated logarithm for intersection
local times is given as an application of our deviation results.

1. Introduction

The mathematical notion of various intersection local times was motivated by the
models of polymer physics and quantum field theory. For an expository paper on
mathematical polymer models, see den Hollander (1996). For a survey on results
for one-dimensional polymers, see van der Hofstad and Klenke (2001). For an
introduction to polymers from a physicist’s point of view, see Vanderzande (1998).
For the latest work on attractive random polymer, see van der Hofstad and Klenke
(2001) and van der Hofstad, Klenke, and Konig (2002). For large deviation results
on the one-dimensional Edwards model, see van der Hofstad, den Hollander and
Konig (2003).

One of the basic quantity in the study is the associated Hamiltonian (energy
function) H which is a nonnegative function of the paths. The asymptotic behavior
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of the partition function (normalizing constant) Ee~*# for A > 0 is of great inter-
ests and it is directly connected with the lower tail behavior P(H < €) fore > 0
under appropriate scaling. The upper tail behavior P(H > x) is also important
and appears in certain self-attracting models with weight such as E ¢*#. There are
several other motivations given later for the study of the upper tails of H; and 4,
defined in (1.4) and (1.10) respectively, which are the main subject of this paper.
Our approach is to combine abstract tools from probability in Banach space with
those existing methods developed in the large deviation theory of Donsker and
Varadhan. We mainly deal with the one-dimensional case in this paper.

Before we present our motivations and main results, we need some standard
notations. Unless mentioned otherwise, W (¢); Wi (t), - - - , Wy, (¢) are independent
1-dimensional Brownian motions with the local times L(z,x); Li(t,x),---,
L, (t,x)(t >0, x € R), respectively. We also use J, to denote the Dirac measure
at x. There are two kinds of basic intersections: Formally, the quantity

¢t p—1
/ L?(t, x)dx _/ / l—[Bo W(sjt1) — W(s]))dsl -ds,

measures the ‘amount’ of time spent by the path in p-multiple self-intersections up
to the time ¢ for an integer p > 1; and the quantity

rm—1

/ l_[ Li(t,x)dx = / / H 8o W]+](S]+1) - W; (Sj))ds1 -ds,,
—o0 i

(1.1)

measures the ‘amount’ of time that m independent Brownian trajectories intersect
together up to ¢. These random quantities are called intersection local times in lit-
erature. The basic idea to define them rigorously is to replace the Dirac measure by
a suitable approximation.

There are several motivations for this work. In a study of uniform empirical
process, Csdki, Konig and Shi (1999) established the following result, for p = 2
or p > 3, on the large deviation for the self-intersection local time of Brownian
bridge:

o
lim A =%/~ l)log]P’{/ £P(1, x)dx z)\} =—C(1, p) (1.2)
A—00 —00

where £(¢, x) stands for the local time of a Brownian bridge and the explicit con-
stant C2(1, p) is given in (1.9). They raise the question on what to expect in the case
of Brownian motion. Through a subadditivity technique utilized in Khoshnevisan-
Lewis (1998), the large deviation for L -norm of Brownian local time with any
p > 1 can been obtained with right rate but without explicit constant.

For p = 2, an interesting development is made by Mansmann (1991) who
proved

o0
1
lim A~ 'logE exp{ﬁ/ L2(1,x)dx} = - (1.3)
A—>00 —00 6



Deviations for intersection local times 215

on the study of free energy of the Dirac polaron. See also Csdki-Konig-Shi (1999) for
a numerical correction of Mansmann’s result and Borodin (1982) for some related
results. By a standard argument via Gértner-Ellis theorem, (1.3) is equivalent to

o0
3
lim AzlogIF’{/ L*(1, x)dx > x} -2
A—>00 —00 2

which takes exactly same form as (1.2) in the context of Brownian bridge for
p = 2. Cséki, Konig and Shi (1999) intuitively explain why this is so by rep-
resenting Brownian bridge as normalized Brownian motion over one excursion.
According to their explanation, it becomes natural to expect that the large deviation
described in (1.2) holds also in the case of Brownian motion for all real number
p > 1. As a corollary of what we shall establish in this paper, this is confirmed to
be the case.

The notion of intersection local times is also connected to other problems. In
Khoshnevisan-Lewis (1998) and Csaki-Konig-Shi (1999), a simple connection on
upper tail behaviors has been established between 2-multiple self-intersection local
times and the so-called Brownian motion in Brownian sceneries f fooo L(t, x)B(dx)
through the equality

00 2 00
Eexp{kf L(t,x)B(dx)} =Eexp{%/ L2(t,x)dx}, Vi eR

where {B(x); —00 < x < oo} is a two-sided Brownian motion (serving as scen-
ery) independent of W (¢).

During our study, we also learned the connection to the local times of additive
Lévy (Brownian) process

nm(l,x)=/ax(Wl(s1>+~-~+Wm(sm>)ds1~--dsm xeR IC 0,00
1

See Khoshnevisan-Xiao-Zhong (2003a, 2003b) for some recent progress related to
this subject. Indeed, one can easily see that

o0
{nz([o, 12,0y ¢ > o} 4 { f Li(t, x)La(t, x)dx; t > o}.
—00
A direct consequence of our work is an understanding of the upper tail behaviors
of local times of additive Brownian process in the case m = 2. The situation is
different for m > 3. However, in view of the representation

m
(10,1175 = [-+:f [T £teoxpdxr s
X|+~~~+xm=xj 1

it is our hope that the techniques developed in this work may be of use in the general
cases.

It is well known that the intersection behaviors have strong dimension depen-
dence. According to the work of Dvoretzky-Erdos-Kakutani (1950, 1954), given
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m independent d-dimensional Brownian motions Wy (¢), --- , W, (¢), the set of
intersection

m
ﬂ{x eR; x = W;() for some t > 0}
j=1

contains points different from 0 if and only if (d —2)m < d. The interested reader
is referred to a recent survey paper by Khoshnevisan (2003) for an elementary
proof of the above result and for an overview of various results and techniques.
A natural problem is to investigate, in the case when (d — 2)m < d, the long
term behaviors of the intersection local time given in (1.1). On the other hand,
self-intersection of a multi-dimensional Brownian path is a complicated issue in
which case the self-intersection local times can not be directly defined in any rea-
sonable way. As d = 2, the renormalized self-intersection local times are con-
structed essentially as centered self-intersection local times through an approxi-
mation procedure (see Le Gall (1992) for details). As pointed out in Westwater
(1980), even the renormalized Brownian self-intersection local times can not be
properly defined as d > 3. Le Gall (1994) proves existence of non-trivial crit-
ical value for exponential integrability of renormalized 2-multiple self intersec-
tion local time of a 2-dimensional Brownian motion. We also refer the interested
reader to Le Gall (1992) and the references therein for the study of some other
aspects of intersection local times in the multi-dimensional case. Recently, Konig
and Morters (2002) obtained the upper tail asymptotics for the (projected) Brown-
ian intersection local times on RY, d > 2, with application to thick points. Their
main tools are moment methods and analysis of variational formulas. After this
paper was submitted, some new results were obtained on the large deviations
and related results for the intersection local times of multi-dimensional Brown-
ian motions and random walks in Chen (2003), and for the renormalized self-
intersection local time of a 2-dimensional Brownian motion in Bass and Chen
(2003).

In this paper, we only consider the case d = 1 and self-attractions rather than
the case d = 1 and self-repellence, the Edwards model. More specifically, our first
goal is the large deviation principle for the mixed intersection local time

00 m
H,:/ ]_[Lf(t,x)dx, t>0 (1.4)
oo )

where m > 1 is an integer and real number p > 0 satisfying mp > 1. When p is an
integer, the above quantity measures the duration that m independent trajectories
intersect together, while each of them intersects itself p times:

oo m t t

/ ]_[Lf(z,x)dx :/0 fo dsy -~ dsmpSo(W1(s2) — Wi(s1))

~o0 ]
5OEW1(Sp) — Wisp—1))80(Walsps1) — Wilsp))
-8 Wm(smp) - Wm(smp—l))-
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By the scaling property of Brownian motions, for each t > 0 and a > 0,
oo m d oo M
/ [t xydx < a<m!’+1>/2/ []Lha xax. (1.5)
X =1 X j=1

Without loss of generality, we let time ¢+ = 1 in the following statement. We also
use B(-, -) to denote the beta function.

Theorem 1.1. For each integer m > 1 and real number p > 0 with mp > 1,

2 1 > 1/mp
lim A=2mP/mp+D) 160 B exp {A(/ 1_[ LF(I,x)dx) } = Ci(m, p)
A—00 —00 =1 J

(1.6)

and thus equivalently,

co m
lim 3 ~2/(mp=1 logIF’{/ LY(1, x)dx > x} = —Ca(m, p) (1.7)
oo b

A—00 .
j=l

where

Ci(m, p) = (m3mp7]p2mp)*1/(mp+1)

—2(mp—1)/(mp+1)
x( V2 B( ! 1)) (1.8)

(mp—1)(mp+1)" " \mp—1"2
and
m mp + 15 G=mp)/(mp—1) 1 132
Co(m, p) = — B(——, =) . (9
2(m. p) 4(mp—1)( 2 ) (mp—l 2) (1.9)

When m = 1, from (1.7) we see that the self-intersection local times obey the same
large deviation described in (1.2), at least in the case p = 2 or p > 3. It is natural
to ask whether or not that (1.2) holds for all p > 1, and more generally, Theorem
1.1 holds if Brownian motions are replaced by Brownian bridges.

Our second goal is to establish a moderate deviation principle for mixed intersec-
tion local times of 1-dimensional random walks with integer values. To avoid some
technical difficulties, we only deal with symmetric random walks. Except in section
4 (where we also deal with multi-dimensional random walks), S(n) = Y ;_; Xk,
n=1,2,--. is always a random walk generated by an integer-valued symmetric
iid. sequence {X,},>1 witho? = EX % < oo. Without compromising generality
we always assume that the smallest group that supports {S(n)},>1 is Z. Define the
local time

n
I(n,x) = ZI{S(k):x} xe€Z,n=1,2,---.
k=1
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Let {S1(n)}n>1, - -+ » {Sm(n)},>1 be m independent copies of {S,},>1 with their
local times being denoted by /1 (n, x), - - -, I, (n, x). When p > 0 is an integer, the
random quantity

n

m
P
hn =" Hlj )= Y LSk ==8) ()= =S ki) == S (o)}

xeZ j=1 kl,m,kmp:l
(1.10)

counts the number of times that up to the time n, the trajectories of m independent
random walks meet together, while each of them intersects itself p times. Then the
following weak law holds.

Theorem 1.2. Let m > 1 be an integer and let p > 0 be real such that mp > 1.
Then

- (mp+1)/2 Z l_lll?(n x) N o~ mp— 1)/ l_[ Ll’(l x)dx.
xeZ j=1

Next we turn to moderate deviation for the mixed intersection local times of
random walks. Throughout, {b,} represents a positive sequence satisfying

b, > oo and b,/n — 0. (1.11)

In the light of Theorem 1.2, the following result becomes natural.

Theorem 1.3. Let m > 1 be an integer and let p > 0 be real such that mp > 1.
Then for any positive sequence {b,} satisfying (1.11),

by \ (mp+1)/2mp n » 1/mp
nl;ng()—logEexp{( ) (anj(n,x)> }

xeZ j=1
= g~ 2mp=D/mrED C () p) (1.12)

and thus equivalently,

1 - _
A logﬂ”{ Y [T, x) = ntmrebizpe ”/2} = —o’Ca(m, p)
" xeZ j=1

(1.13)
where C1(m, p) and C2(m, p) are given in (1.8) and (1.9) respectively.

An important application of the large and moderate deviations we establish is to
obtain the law of the iterated logarithm. Indeed, we have

Theorem 1.4. For each integer m > 1 and real number p > 0 with mp > 1,

o0 m
lim supt_(’”’”'l)/z(loglogt)_(mp_l)/z/ 1_[ Lf(t, x)dx = C3(m, p) a.s.
oo

—0o0

(1.14)
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and
m
lim supn~"P*D/2(log log n)_(mp_l)/2 Z l_[ 17 (n, x)
n—0o0 .
xeZ j=1
=0 "=DC3(m, p) a.s. (1.15)
where
4(mp — 1)\ mp=1/2 ymp + 1\ (mp—3)/2 1 1\~mp—D)
o = (=) T (F5) G a)
2 mp—1 2

(1.16)

Let us make some comments on the results for random walks. The weak con-
vergence of intersection local times of random walks has been studied by Le Gall
(1986) and Rosen (1990) in the general dimension. In addition, it is always of inter-
est to ask for the long term behaviors of the intersection local times whenever they
have unbounded growth. It is known, for example, for m independent, identically
distributed lattice valued d-dimensional random walks with mean zero and finite
variance, their trajectories meet together infinitely often if and only if (d —2)m < d.
The law of the iterated logarithm has been obtained for two critical cases “d = 4,
m = 2” in Marcus-Rosen (1997) and “d = m = 3” in Rosen (1997). For the
non-critical cases, i.e. (d — 2)m < d, a natural procedure is first to work on the
Brownian motions and then to extend achieved results to the random walks in
the spirit of invariance principle. The difficulty one has to overcome is disconti-
nuity of the functionals involved. In the case of 1-dimensional symmetric simple
random walks, Révész (1990) obtains the strong approximation

sup |L(n,x) —l(n,x)| = o(n%ﬁ) a.s. (n— 00).
xX€Z

in an enlarged probability space. Révész also points out the rate of approximation
is nearly best possible. His result is strong enough to extend the law of the iterated
logarithm for intersection local times from Brownian motions to symmetric simple
random walks, but not enough to extend the large deviation in Theorem 1.1 to the
moderate deviation given in Theorem 1.3, even in the case of symmetric simple
random walks. It is worth to point out that the techniques used in Révész (1990)
depend significantly on the unique structure of 1-dimensional symmetric simple
random walks and do not apply to general random walks.

Next we briefly outline some key technical points in each section. In Sec-
tion 2 we derive the large deviation (1.6) with right hand sides being variations
of a supremum which is solved in Section 7. Our method is different from the
one used in Mansmann (1991), where the Donsker-Varadhan (1974) large devia-
tion is essential. In fact, the well known Donsker-Varadhan large deviation is no
longer applicable in our investigation partially due to discontinuity of Brownian
local time as a functional defined on the space of probability measures on R™
endowed with the topology of weak convergence. In addition, for m > 1, even the
lower semi-continuity is not available, which is crucially needed in Mansmann’s
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approach for the lower bounds. Furthermore, the proof of Theorem 1.3 demands a
new approach which can later be extended (at least partially) to the case of random
walks. A key idea in our treatment is to embed the Brownian local times into the
Banach space L”(R) after reducing the problem to the special case when m = 1
and p > 1. The computation is based on a Feynman-Kac type large deviation
result given in Remillard (1998) for Brownian occupation times, which imme-
diately yields the desired lower bound after a deterministic comparison. On the
other hand, the upper bound is harder to establish due to the fact that the Brown-
ian local time fails to be exponentially tight when embedded into £”(R), as we
shall point out in detail in Section 2. In the proof of the upper bound, we map
the Brownian motion into a circle, an idea developed in Donsker-Varadhan (1975)
and in Mansmann (1991), and then prove that the local time of “Brownian motion
on the circle” is exponentially tight, by a very general result due to de Acosta
(1985).

From Section 3 to 5, we work on Theorem 1.2 and Theorem 1.3 on random
walks. One of the key ideas is to rescale the space variable of the local times of
random walks, which makes it possible to apply invariance principle. In Section
3, we prove that a properly rescaled and normalized local time of a random walk
converges weakly to Brownian local time when it is viewed as a process with val-
ues in LP(R) for p > 1. This leads directly to Theorem 1.2. In Section 4, we
obtain a Feynman-Kac type exponential estimate for the lower bound of moder-
ate deviation given in Theorem 1.3 with the aid of the spectral theory on Hilbert
space. We anticipate that Theorem 4.1 established in Section 4 may have some
interesting applications to other related problems. In Section 5, we prove Theorem
1.3. The following observation is helpful throughout: For any integer n, k > 1, the
increment

Z(l(n +k,x) —1(n, x))"

x€Z

is independent of {S1, - - - , S, }. In the proof of Theorem 1.1 and Theorem 1.3 in
Section 2 and Section 5, respectively, we only prove (1.6) and (1.12), since (1.7)
and (1.13) are their direct consequences through Girtner-Ellis Theorem (see, e.g.,
Theorem 2.3.6 in Dembo-Zeitouni (1993)).

In Section 6, we prove Theorem 1.4, the strong limit laws of the iterated loga-
rithm, which are based on the large deviation given in Theorem 1.1 and the moderate
deviation in Theorem 1.3 through the Borel-Cantelli lemma. All arguments here
are more or less standard once deviation results are obtained.

In Section 7, we prove two analytic lemmas. One is a technical fact needed for
the upper bound of the large deviation given in Section 2. Another is a solution
of the variation problem presented in Section 2 and Section 5. Our solution is of
independent interest and a few ideas from Strassen (1964) are exploited.

It is interesting to point out that despite of some essential difference between
one and multi-dimensional cases, some of the ideas developed in this work has been
utilized in Bass and Chen (2003) and Chen (2003) in their study of the intersection
local times in the multi-dimensional case.
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Finally, we mention a more general problem on the deviation behaviors of
co m m
f [[Li @ ndx,  t=0 and Y [0 (0.
X j=1 x€Z j=1

When p; are integers, the above quantities measure the duration (number) that
m independent trajectories intersect together, while the jth one intersect itself p;
times. Based on proofs of Theorem 1.1, we have for P = 37| p; > 1

1 o &, /P
lim sup A logIE exp [X(/ 1_[ LY, x)dx) ]
—0 1]

t—00 o]
J

m 2P/(P+1) V2 11
< 32P/(P+D) | (sz ) ) —B(—, _)
= 2 (P P2_1 \P—1'2

>2(P1)/(P+1)
j=1

It is plausible that the above upper bound is tight. New ideas are needed for this
general problem.

2. Large deviations for Brownian intersection local times

In view of Lemma 7.2 in section 7, we will have (1.6) (and therefore Theorem 1.1)
after we prove

oo M 1/mp
lim A~2"P/"P) Jog B exp { A / L?(1,x)d
)Li)ngo ogE exp _wjl—[l J( x)dx

o0 1/mp
= - mp—=1/(mp+1) sup {(/ |g(x)|2mpdx>
geF —00

1 *® / 2
_5/—00 lg ()] dX} (2.1

where F is the set of absolutely continuous functions g on (—oo, co) with

/oo lg(x)’dx =1 and /Oo 1’ (X))?dx < . (2.2)

—0o0 —0o0

From (1.5), (2.1) is equivalent to
] oo M 1/mp
i — p
tl_l)rgot logE exp{(/;ml_[le(t,x)dx) }
j:

00 1/mp 1 00

— m—(mp—l)/(mp-‘rl) sup {(/ |g(x)|2mpdx> _ 5/ |g/(x)|2dx}.
geF -0 -

2.3)

Our starting point is the following result based on the Feynman-Kac formula (see,
e.g., Remillard (1998)):
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t
Jim t~'ogE exp{/ f(W(s))ds}
— 00 0

o0 1 o0
= sup { f Fx)g*(x)dx — 5 f |g/(x>|2dx}. 2.4)
geF —00 -0

where f can be any measurable, bounded function on (—o0, 00).
To establish the lower bound for (2.3), we first consider the special case m = 1
and real p > 1. We claim that for any a > 0 and y > 0,

a 1/p
litm infr~!logE exp {y (/ LP(t, x)dx) }
— 00

a 5 - 1/p 1 00 )
> sup {V(/ lg(x)| pdx) - 5/ lg' (%) dx}. 2.5)
ge]: —a —00

Indeed, if we let ¢ > 1 be the conjugate of p defined by p~! + ¢! = 1 and let f
in (2.4) satisfy f = 0 outside [—a, a] and

/a lf)l%dx =1, (2.6)
Then
a 1/p ) t
(/ L”(t,x)dx) z/ L(t,x)f(x)dx:/ F(W(s))ds.
—a —c0 0
Consequently,

1 a 1/p
lim inf — log E exp {y </ LP(t, x)dx) }
t—oo t

—a

a 1 o0
> sup {y F)g*(x)dx — 3 / |g’<x>|2dx}.

geF —a —00

Note that the set of f satisfying the above inequality is dense in the unit sphere
of L4[—a, a] and taking supremum on the right hand side over such f we obtain
(2.5). One can easily see how the lower bound of (2.3) follows from (2.5) in the
casem = l and p > 1. To extend it to the general case, we prove that, when viewed
as stochastic process taking values in the Banach space LP[—a, a] (p > 1), the
truncated, normalized local time {t_lL(t, x); —a < x < a}isexponentially tight:
For any M > 0, there is a compact set Ky C LP[—a, a] such that

lim sup 7~ logIP’{t_lL(t, )¢ KM] <_M. 2.7)
—00
Indeed, by Lemma 3.4 of Donsker-Varadhan (1977), for any € > 0
lim lim supt_1 log]P’{ sup |L(t,x) — L(t,y)| > et} = —00. 2.8)

8=0% 100 =yl <8
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Due to joint continuity of L(¢, x) as function of ¢ and x, this can be slightly strength-
ened into: for any € > 0 and N > 0, there is a § > O such that

supt_1 log}P’{ sup |L(t,x)— L(t,y)| > et} < —N.

t>1 lx—y|<d

Hence, for any integer k > 1, there is a §; > 0 such that

supt_1 logIP’{ sup |L(t,x) — L(t,y)| > k_lt} < —kM.

t>1 [x—y| <&k
We take Ky as the closure (in £P[—a, a]) of the set

a

A={r: rz0 | rwdr=tand swp If0-for=k.
k=1

—a |x—y|<dk

Note that A is an equi-continuous family. According to the Ascoli theorem, A
is relatively compact when viewed as a subset of C[—a, a]. We claim that A
is also relatively compact in L[—a, a] — therefore K, is compact in LP(R).
This follows from the fact that for any sequence { f,} C A, the uniform conver-
gence Supyei_q.q 1fu(x) — f(x)| — 0 leads to LP-convergence ffa | fu(x) —
f(x)|?dx — 0asn — oo. Furthermore, for any r > 1,

WK

]P’{t‘lL(t,~)¢KM}§ P{ sup |L(t,x)—L(t,y)|>k_1t}

k=1 lx—y| <6k

kMt _ (] _ efMt)*lefMt

M

=~
Il

1

which leads to (2.7).
Next we present the proof of the lower bound for (2.3) in the general case. Note
that the functional W defined by

1 m a 1/mp a m 1/mp
W(fio o f) = ZZU Ifj(x)l’””dx> —(f I1 Ifj(x)l”dx>
—a

j=1 20T

mp[

is non-negative for mp > 1 and continuous on the Banach space ®;’»1:1 L j [=a.dl,

and that ¥ = 0 on the diagonal

{(fro-- s fm)y fr="--= ful

Hence, for given € > 0 and any f € L™P[—a, a] there exists a § = §(f,€) > 0
such that

\I”(fl""’fm)fe fOI'ijB(f,(S), Vlfjfm
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where B(f, §) stands for the open ball in L™P[—a, a] with the center f and the
radius 6. Therefore, if we view L (¢, -) (1 < j < m) as stochastic processes taking
values in L™P[—a, a] by limiting the space variable x to [—a, a], we have

a m 1/mp
E exp { </ 1_[ Lf(t, x)dx) }
—a i

. 1 m a mp 1/mp

—le .

>e E(exp{; E (faLj (t,x)dx) },
j=

1

L) e BUAO VI < j<m

1 a 1/mp m
= '€ <E<exp{—</ L’"P(z,x)dx> }; t~'L(t, ) € B(f, 5))) .
m —a

Let Ky C L™ (R) be the compact set given by (2.7) (with p being replaced by
mp). Then by the Cauchy-Schwarz inequality

1 a 1/mp
E(exp{a</ me(t,x)dx) }; L@, -)gzKM)
2_a 9 1mpy 1/2 12
§(Eexp{;</ me(t,x)dx> }) (P{t—lL(t,-)gKM}) .

Note that

2 a 1/mp
lim sup s~ log E exp {—(/ L’"p(t,x)dx) } < 00.
m

—0o0 —a

Hence, for sufficiently large M,

1 a 1/mp
lim sup ! logE <exp {—(/ L™ (¢, x)dx) }; 7L, ) ¢ KM) <0
m

—>0o0 —a

which leads to

1 a 1/mp
E (exp {—(/ me(t,x)dx> }; L@, ) € KM)
m —a

1 a 1/mp
~ E exp {—(f L™ (¢, x)dx) } (t = 00).
m —a

Let {B(g1,81), -+, B(gn,dn)} be a collection of finite number of open balls
in £™P[—a, a] that covers K ;. Then

1 a L/mp
E(exp{g</‘ me(t,x)dx> }; 7L, ) eKM>

N 1 a . 1/mp .
< ZE(exp{Z</ L P(t,x)dx) }; 7L, ) € B(g,',(S[)).
i=1 —a
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Therefore,

1 a 1/mp
liminfz~! log max {E (exp {—(/ L™P (¢, x)dx) };
1—00 1<i<N m\ J_,

t7'L(t, ) € B(gi,b‘,-)>}

1 a L/mp
> liminf 7' log E exp {—(/ L™ (¢, x)dx) }
m

—>00 —a

Summarizing the above discussion, we have

| a m 1/mp

. . —_ []

11tn_1>ggft logE exp{(/;a | |1 L; (t,x)dx) }
J:

1 a 1/mp
—e +mliminf 7' logE exp {—(/ L™ (1, x)dx) }
t—0o0 m

1 a 717""1’ 1 o0
—€ + m sup {—(/ |g(x)|2m”dx> - —f |g/(x)|2dx}
geF Lm —a 2J-

where the last step follows from (2.5) with y = m™! and p being replaced by mp.
Letting € — 0 and then taking supremum over a > 0 leads to the lower bound

oo M 1/mp
e p
htrggéft logE exp{(/ool_[le(t,x)dx> }
j=

1 o0 l/mp 1 e}
> m sup {—( / |g(x)|2"”’dx) -~ f |g/<x>|2dx}
geF LM\ J-co 2 )

which is the lower bound in (2.3) by using the substitution g(x) +> m~"?/2Zmp+1)
g (m —mp/(mp +l)x). We thus finished the proof of the lower bound for (2.3).

To establish the upper bound for (2.3), we first deal with the case m = 1 and
p > 1. That is, we shall prove

0 1/p
limsupz~' log E exp {(/ LP(t, x)dx) }

A%

v

—00 —00

* 2 tp 1 o0 2
< sup {( / 2| de) -3 / ey dx}. 2.9)
geF —00 —00

Before the proof, let us mention that the situation we face is quite different from
the one in the proof of the lower bound. Indeed, the approach of truncation is no
longer working as the tails of

o0 —a
/ L?(t,x)dx and / LP(t, x)dx
g _

e ¢]

are too heavy to be cut off. In fact, based on (2.4) and by an argument similar to
the one for (2.5), we have
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00 1/p
litrgéréft_l logE exp { (/ LP(t, x)dx> }
* 2 ' Yp 1 *© 2
= sup {( / 5] de) -3 / /(o) dx}
€ a —o0
¢ 00 5 1/p 1 r® 5
= sup {( / 20| de) -3 / 1) dx}
geF —00 —00

where the second step follows from shifting the variable x. This shows that no matter
how large a is, the tails have the same weight as the whole integral f_oooo LP(t, x)dx

in the sense of large deviation. It also indicates that { t~1L(s, )} is no longer expo-
nentially tight when embedded into £” (R) without truncation. That is why we do
truncation at a fixed level a > 0 in the proof of the lower bound.

We shall localize the value space by mapping the Brownian path into a com-
pact space, an approach developed by Donsker-Varadhan (1975) in study of the
Wiener sausage (see, also Mansmann (1991) for an application close to our sit-
uation). Let M > 0 be fixed and let 7); be the set of equivalent classes under
the equivalence relation on R defined by x ~ y if x — y = M. Let A(dx) be
the Lebesgue (Haar) measure on the compact group Tys. Let W, (7) be the image
of W(t) under the quotient map x € R + x € Ty. In the literature, the pro-
cess Wi (r) is called the Brownian motion on Tj;. It can be seen that W, (¢) is
a Markov process with independent increments. It can also be verified that the
process

Li(t. %)= L(t.x+kM) >0 xeR
keZ

is the local time of W,(¢). That is, for each t+ > 0, L.(¢,-) is the density of
the occupation measure fot Iiw,(s)eayds, A C Ty, with respect to A(dx). Note
that

00 M
f LP(t, x)dx = Z/ LP(t, x + kM)dx
00 0

B keZ

M p
5/ (ZL(t,x+kM)> dx:/ (Li(t,%))"0(d5).
0

keZ T

For any measurable function f on Ty, define f,(x) = f(x). Then f is a periodic
function with the period M and

M
J X)Ly (t, X)A(dX) =f fo0) Y Lt x + kM)dx
0

Tu keZ

o0 t
=/ Fx(X)L(t, x)dx =/ F(W(s))ds.
—00 0
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From (2.4),

Jlim 1~'1ogE exp {/ f()E)L*(t,)E)k(d)E)}
— 00 Ty
o 2 1 o / 2
— sup { / fg x5 / /() dx}
geF —00 —00

M 1 0
= A *(x +kM))d ——/ '(x)|*d } 2.10
522{/0 f (x)(kEZZg(x )dx =5 | 18 @Pdx}. @10

In the following lemma, we show that the process {L(z, -)} can be embedded into
the separable Banach space £”(T),) and that {t ~' L, (¢, -)} is exponentially tight in
LP(Ty).

To this end, let us recall some concepts related to Minkowski functionals. Given
a Banach space B, a set K C B is called positively balanced, if Ax € K whenever
A € [0, 1] and x € K. The Minkowski functional gk (-) of a convex and positively
balanced set K is defined by

gk (x) =inf{A > 0; x € AK}

with the customary convention that inf ¢ = oo. Then g (-) is subadditive and
positively homogeneous:

gk (x +y) < gg(x) +gx(y) and ggx(Ax) =Agx(x) x,yeB, A>0.
Lemma 2.1. Foreacht > 0,
P{L.(t,) € LY (Ty)} = 1. (2.11)

Moreover, there is a compact, convex, positively balanced subset K € LP(Tyr)
such that

lim supt_1 logE exp [qK(L*(t, ))] < o0 (2.12)

1—00

where qk () is the Minkowski functional of K.

Proof. For simplicity we only prove (2.11) in the case t = 1 and (2.12) in the case
t = n runs along positive integers. Note that

1/p
(/ L1, )z),\(d)z))
Tn

M P 1/p
/ (ZL(I,x—i-kM)) dx>
0

keZ

M 1/p
(/ Lp(l,x~|—kM)dx>
0

M 1/p
(/ LP(17X+kM)dX> ItkM € [ min W(s), max W(s)+ M]}
0 0<s<l1 0<s<l1

Il
VN

IA

~
N

€

ke

N
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5(2

keZ

M 1/p
x <Z/O L”(l,x—{—kM)dx)

keZ

1/ [ee] 1/p
< 2M’1( max. |W(s)| + 1) q(/ LP(l,x)dx>

0<s< — 00

1/q
Iikem e [ min W(s)., max W(s)+ M]})

<s<

IA

. (r—Dp y
oM <maxl|W(s)|+1) sup L4(1, x)

O=s=< xeR

_1 2/q 2/
<M ( max |W(s)| + 1) Fsup L29(1, %) ).
0<s<l1 xeR

Note that there is Y > 0 such that

E exp {yo sup L2(1,x)} < oo and E exp [yo max |W(s)|2} < 00.
xeR 0=s=1

In fact, the first is given in Theorem 1.7 of Borodin (1986), and the second is well
known for any norm of Gaussian elements. Hence,

1/p
E exp {y(/ Lf(l,)?)k(di)) } < oo, foranyy > 0. (2.13)
Ty

In particular, we have (2.11).
Similarly, for any y, z € Ty,

1/p
(/ (Lo(1, X +5) — L1, % + Z))pk(d)‘c))
Tm

1/p
= </ (La(1, %) = Lu(1, X +Z — y))”x(di)>
Tm

1/q
=227 M sup (L(L ) = L x + 2= )7 ( max [Wo)] +1)
xeR 0=s=I1

By continuity of Brownian local time we have established the continuity of the
random function L, (1, ¥y + ) on LP(Tys). It is well known, as a general result,
that each random variable taking values in a separable Banach space is tight. In
particular, L.(1, y + -) is tight for each y € Tys: Given € > 0 there is a compact
set C, € LP(Ty) such that P{L.(1,y + ) € Cy} > 1 — €. By continuity of
L.(1,y+-) asa LP(Ty)-valued function of y and by the compactness of Tyy, the
family {L.(1,y + -)};eTM is uniformly tight: Given € > 0 there is a compact set
C € LP(Ty) such that infye7), P{L.(1,y 4+ ) € C} > 1 — €. Note that for any
y €Ty, fTM LY(t, % + y)A(dx) = fTM L% (t, ¥)A(dx). Hence from (2.13)

1/p
sup E exp{y(/ Lf(l,i)k(di)) } <o Vy>0.
yeTy Ty
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By Theorem 3.1 in de Acosta (1985), there is a compact, convex, positively balanced
subset K € LP(Tyy), such that

sup Eyexp{gx (L«(1,9)} < oc. (2.14)
yeTm

By the triangular inequality and the Markov property,

E exp {gk (L«(n, "))}

<Eexp qKEL*(n -1, -); + gk (L«(n, ) — Lya(n — 1,)}
<Eexplgr(Li(n—1,-) }_squ E jexp {gk (L«(1,))}.
yely

Repeating this procedure gives

E exp {gk (L«(n, )} < (_squ E 5 exp {gk (L« (1, -))}) .
Yeim

Hence (2.12) follows from (2.14). |

Lete > Oand y > O be fixed and let K C L”(T)s) be the compact set given
in Lemma 2.1. By the fact that the set of measurable, bounded functions on Ty
is dense in the unit ball of £7(T)y), and by the Hahn-Banach Theorem, for each
h € y K, there is a bounded function f such that fTM | f ()91 (dx) =1, and

1/p
/f()‘c)h(f)/\(di)></ |h()€)|pk(di)) — e
Tm Tu

Consequently, there are finitely many bounded functions fi, - - -, fy in the unit
sphere of £7(Tys) such that

1/p
(/ |h(£)|pk(di)) < max/ [(®hEMAT) +€e  YheyK.
Tu 1<i<N Ty

1/p
E(exp{</ Lf(t,)E)A(d)E)) }; 7L (1, -)eyK)
N T
<e’ ) Eexp {/ f,-(x)L(t,x)dx}.
i=1 T

In view of (2.10),

1/p
limsupt_llogIE<eXp{</ Lf(t,i))»(di)) }; 1~ L (1, ~)eyK>
T

—>00

M 1 [o°
< €+ max sup{/o ﬁ(JE)(ZgZ(x—kkM))dx—E[w |g/(x)|2dx}

1<i<N
==Nger keZ

<€+ su {(/M<Z 2(x+kM)>pdx>l/p—1/oo| /(X)|2dx}
B ge}p‘ 0 kezg 2J- §

o]

Therefore,
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where the second step follows from Holder’s inequality and the fact
fOM | fi(X)|9dx = 1for 1 <i < N.Letting e —> 0 gives

l/p
limsupt_llog]E<exp{</ Lf(t,i)k(di)) }; 7L, ) eyK)
Ty

< sup {(/ (Zgz(x—i—kM)) dx> - —/ |g’(x)|2dx}. (2.15)
8eF 0 “rez 2 )

By the Cauchy-Schwarz inequality, on the other hand,

1/p
E<eXp{</ Li’(t,i)k(di)) }; t‘lL*(t,-)éyK)
T 1/pyN 172 12
§<Eexp{2(/ Lf(t,)z)/\(d)a) }) <IP’{I]L*(I,-)§Z)/K}) .
Tm

Note that (2.13) implies that
1/p
limsupz~'logE exp{Z(/ Lf(t,f)k(di)) } = (| < oo,
t—00 Tu

since for any integer n,

n

1/p 1/p
(/ Lf(n,mwm) =y (/ Lotk ) = Lk — l,i)lpk(df)>
™m k=1 ™m

with i.i.d. terms. Furthermore, by the Chebyshev inequality,
P{r' Lt ) € yK} = Plgk (La(r,)) = y1} < e"'E exp {qx (L (1. ) }.

Hence, by Lemma 2.1 there is a constant C; > 0 independent of y, such that

lim sup 7! logP{t_lL*(l, )& VK} =-v+C.

1—>0o0
Combining above observations we have

1/p
lim sup ; logE (exp {([T LP, )E)A(d)?)) }; t_lL*(t, )& )/K)
M

—>00

=1+ C—y)/2 (2.16)

Note that y > 0 can be arbitrarily large. Hence from (2.15) and (2.16) we have

l/p
lim supt_1 logE exp { </ LY, i)k(d}?)) }
Tm

t—0o0

< {(/M(Z 2( —|—kM))pd )W 1/00| ') }
u X X —_ = X X .
_geg 0 keZg 2)0

oo
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Thus, from (2.10) we obtain

00 1/p
limsupz~'log E exp{(/ Lp(t,x)dx) }
11— 00 —00

< su {(/M(Z 2(x+kM))pdx>l/p_1/°°| ’(x)|2dx}
_gE.I7-)— 0 keZg 2)- §

[e.e]

for all M > 0. Letting M — oo we have (2.9) by Lemma 7.1 in Section 7.
Finally, we come to the proof of the upper bound necessary for (2.3) in the case
m > 1. Note that for mp > 1,

oo m 1/mp 1 m 00 " 1/mp
</ l_[ L?(t, x)dx) = - Z </ le’(t, x)dx)
X =1 j=1 2T

which gives that

co M 1/mp
E exp { (/ 1_[ Lf(t, x)dx) }
—o0 i

1 00 1/mp m
< (IE exp {—(/ L™ (¢, x)dx) })
m\ J-oo
o] 1/mp m
= (IE exp {(f Lmr (m_zm”/(m”ﬂ)t, x)dx) })
—00

where the second step follows from (1.5). Replacing p by mp in (2.9) we obtain

o m 1/mp
limsupz~!log E exp {(/ H Lf(t, x)dx) }
—00 j_]

—>0o0

00 1/mp 1 0
< m—mP=D/mp+1) g {(/ meP(x)dx) — —/ Ig/(x)lde}-

geF —00 2J) -

Therefore, (2.3) follows.

3. Weak law of convergence

In the rest of the paper, we use [x] to denote the integer part of x € R. Note that

anp(n x) = f ]_[zl’(n )dx—nl/zf ]_[zl’(n [n'/%x])dx.

xeZ j=1

So, Theorem 1.2 is equivalent to

oo M co M
n*mp/z‘/ Hlf(n, n'2x])dx LN cr*(mpfl)/ H Lf(l,x)dx.
o0 1

—00 =1
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Note that the function
[e') m
nmf~mm=/ [177@ax
—o0 i}

is continuous on the Banach space ®;.”:] ETP (R), we need only to show that as a

LM (R)-valued process, I(n, [n1/2~])/ﬁ weakly converges to o 'L(1,07") as
n — oo. Replacing mp by p, we need only to establish the following result.

Proposition 3.1. For any real number p > 1, we have the weak convergence

I, 02/ -5 o7 L1071 (0 — o0)
in the space LP (R).

Proof. We first prove Proposition 3.1 under the extra assumption that {S(n)},>1 is
aperiodic, that is, the greatest common factor of {n > 1; P{S(n) = 0} > O} is 1.

According to Theorem 2.4 of de Acosta (1970), we need to check two things:
First, there is a w*-dense set D € £9(R) such that for each f € D,

w2 [ et s < o [ pona, v

and second, the sequence {/(n, [nl/ 2'])}nzl is flatly concentrated, that is, for every

€ > 0, there is a finite-dimensional subspace F o f L7 (R) such that

1iminf1@{n*‘/21(n, [n'/2.]) e Ff} >1—¢

n—0oo

where F€ is the e-neighborhood of F.
To verify the first assertion, we take D as the set of uniformly continuous func-
tions in £9(R). For each f € D,

/OO FEOLn, [n'*x)dx = %/w fG/n D), [x))dx
—00 n 00

1 1 n
= m(o(n) + Z F V200 (n, X)) = an(O(n) + Z f(n_l/ZSk))

x€Z k=1

as n — oo. By invariance principle,
e} d 1
n_1/2/ Fln, [n"x)dx — / (oW (s))ds
—00 0

=o~! / F@)L(1, 0 'x)dx.

To check the second condition, we consider the partition x; = j§, j € Z, fora
given § > 0. Define
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F = {f; f(x) =0 outside [-M, M] and f(x) equals constant
between any two neighboring partition points}

where the constant M > 0 is to be specified later. Clearly, F is a finite-dimensional
subspace of L”(R). Define

l(n, [nl/zxj]) for xj <x <xjq1
I(n, [nl/zx_j]) for x_(jyn <x <x_j.

In(x) = {

On the event {r]?ax |Sk| < Mnl/z}, 1, (-) € F.Therefore,
<n

P[n*l/zl(n, n'/2]) ¢ FG} < P{max || > Mn'/?}

00 1/p
+]P’{</ l[(n, [n'*x]) — ln(x)|1’dx>

—0o0

> en'l2)

By the invariance principle

lim lim P{max|Sx| > Mn'/?} = lim P{ max |W(s)| = M} =0.
—> 00

M— o0 n—00 k<n 0<s<

Hence, we need only to show, using symmetry,

1 o0
lim lim sup —/ E|l(n, [n'?x]) = I,(x)|Pdx = 0.
0

80 pnooo nP/?
Define, for any x > 0,
7, (x) = inf {k > 1; [nl/zxj] <S8 < [nl/2x]} for x e [xj,xj41).
Forany j > Oand x € [x;, xj41),

E|l(n, [n'x]) = 1y (x)|”
=E \(l(n, [n'2x]) = 1(1a (), [n"2xD) = (I(n, [n"?x;]) — 1(1a (x), [n"/%x]))

p
+(I{Srn(x):["l/2x]} - I{S‘tn(x):[”l/zxj]})‘ I{‘L’,,(x)gn}

=Y P{r,(x) =kJE|l(n —k,0) = I(n —k, [n'/*x] = [n"x;]) + 1|

k?]
521}»@@):1«} sup E|l(n—k,0) —I(n —k,y)+1|"
k=1 ly|<28nl/2

n
<max sup E|l(k,0) =1k, y)+1]"-Y Plr,(x) =k
k<n \y|§28n1/2 ’ ‘ ]; { " }
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where the second equality follows from the Markov property and symmetry of the
random walk. Observe that

f ZIP’ T, (x) = k}dx —/OOIP’{I,,(x) < n}dx
0

Xj+1

= Z[ IP’{rn(x) < n}dx
j=0"%

J
o
<34 P} max S, >xnl/2
- Z {()<k<n k }
=0
<C—s> ]EmaxSk—>CEmaxW(s)<oo as n— oo
1/2 0<k<n <s<l1
for some constant C > 0 independent of § and n. Therefore, it remains to show

1

o7 max  sup B ik, 0) = 1k, n|’ = 3.1)
np

" \y|<28n1/2

lim lim sup —
=0 p—oo

Indeed,

E itk 0) =10k, »)|” < (EJitk, 0) =10k, )7 ”) (E|l(k,0)—l(k,y)|2)l/2
and
E|i(k, 0)=1(k, »)|*? 7" < E2C=D (n, 0)+ E 2P~V (n, y) < 142E 2P~V (n, 0)

where the last step follows from Lemma 1 in Chen (2000). By the weak law for local

times [(n, 0)/n'/? 4, o |€| where £ ~ N (0, 1). Through a standard procedure
we have

E2P D, 0) ~n? 1o 2P DE 12P=D a5 n — oo.

Let ¥; = Iis;—0y — I{s;=y) (i = 0,1,2,---). Then for any integers k and y with
1 <k <nand|y| <28n!/?,

k—i
E |1k, 0) — (k. )| <2ZZE<x/f,w,)—2ZE(w,ZEsw,)
i=1 j=i i=l1 j=0

< 2ZE<|%|ZIES,~%|>
i=1 j=1

n
<2Clyl ) _Elyil
i=1
< 4Cn'?8{El(n,0) +El(n, y)}
< 4Cn'?8{2E1(n,0) + 1} ~8C36'E|éln as n— o0
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where C > 0 is a universal constant, the fourth step follows from Lemma 7 of Jain
and Pruitt (1984) (here the aperiodicity assumption is required) and the sixth from
Lemma 1 in Chen (2000). Hence, (3.1) holds.

‘We now prove Proposition 3.1 without aperiodicity assumption. Let 0 < A < 1
be fixed and let {6,},>1 be a sequence of i.i.d. Bernoulli random variables with
common law

P{§; =0} =1 —P{§; = 1} = A.

We assume independence between {3, },>1 and {S,},>1. Define the renewal se-
quence {Tx }k>1:

7y =inf{n > 1; §, =1} and 14| =inf{n > iy; 5, = 1}.
Then t; has geometric distribution P{r; = n} = (1 — MATL n > 1, and the
sequence {S(7x)}k>1 is a random walk whose i.i.d increments has the distribution
same as that of S(z1). In particular, the random walk {S(zx)}«>1 is aperiodic and

symmetric with the variance equal to E [S(71)|?> = E7iE $7 = (1 —2) "o, Write
I’(n, x) for its local time. By what we have proved,

U, [ 2 /v -5 VT—se 'L, VT=do~') (1> o0)  (32)

in the space L? (R).
Lett(n) =61 +--- 4+ 8, = max{k; t; < n}and notice that for each x € Z,

t(n) n
(e =3 lis) =x) = 2 lsty=x) n=12-
k=1

k=1

By the law of large numbers, ¢ (n)/n L 1—-xasn— oo. From 3.2),
- d

—-1/2 _ -1 — -1
n /{2}5,{1{5(“ R (R Y
Replacing {8, } by the Bernoulli sequence {1 — §,} gives

- d
—-1/2 _ -1 -1

n ;(1 gy = (/2 — *O L,V ) (= o).

Thus, the desired conclusion follows from the decomposition

12 4y _ _
I(n,[n'/"]) = ;(Skl{S(k) = [n'/2) + ];(1 8")]{S(k) — 2]

and then taking A — 0. mi
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4. Exponential moment for rescaled occupation times

As we shall see in the next section, the upper bound for the moderate deviation
stated in Theorem 1.3 can be established based on Theorem 1.1 and Theorem 1.2.
The harder part is the lower bound. In this section we develop some tools for the
lower bound, which can been viewed as a partial extension of (2.4) in the case
of random walks. Since exponential moment estimation we establish below may
be used in other applications, we state it in a more general form, which holds for
multi-dimensional random walks. Limited to this section, d > 1 is an integer and
Sn) = 221 Xk, n=1,2,--- is an random walk with covariance matrix I" gen-
erated by an 74 -valued symmetric i.i.d. sequence {X,},>1. We assume that the
smallest group which supports {S(n)},>1 is Z<.

Theorem 4.1. For any bounded continuous function f onR? and positive sequence
{b,} satisfying (1.11),

n—

e [
lim 101(1)fbn ! logE exp {szf((bn/n)]/sz)}
=1

> sup {f f0)g* (x)dx — l/ (Vg(x),FVg(x»dX} 4.1)
R4 2 R4

geFua

where Fy is the set of absolutely continuous functions g on R¢ with

/|g(x)|2dx:l and / |Vg(x)|2dx < oo.
R4 R4

Note that Theorem 4.1 holds also for random walks with continuous values
under certain regularity conditions, and it is natural to expect that the correspon-
dent upper bound holds. What we need in this paper is the lower bound (4.1).

Proof of Theorem 4.1. In view of how we go from the case of aperiodicity to the
general case in the proof of Proposition 3.1, we may assume that {S,},>1 is aperi-
odic. Write t, = [n/by], yn = [n/t,] and thus t,y, < n < t,(yy + 1). Therefore

E exp {[;—" Z f((bn/n)l/25k>}
k=1

> E exp | =21 floo |E exp{ﬁ VZ f((bn/n>1/2sk)}.

n
k=t,+1

Hence, we need only to show the lower bound (4.1) for

b yntn
liminfbn_llog]E exp{—" Z f((bn/n)l/25k>}.
e n k=t,+1
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For each n, define the continuous linear operator I1,, on L2(Z%) as

M, (x) = exp{b" f((lﬁ)”zx)]

n
oo 5 () B (s, s
k=1

where x € Z¢ and £ € £*(Z). Due to symmetry of the random walk, IT,, is self-
adjoint: IT} = T1,,, where IT}, is the dual operator of I'1,,. Indeed, it is straightforward
to find out that the linear operator 7,, given by

no) = e 50 ((2)0) (o 27(C2) 1) s

is self adjoint and IT,, = T;".
Let g be a bounded function on R? and assume that g is infinitely differentiable,
supported by a finite box [—M, M1 with

/ lg(x)2dx = 1 4.2)
Rd
and write

—1/2

£,(x) = g((ba/m)'2x) - [ D &% ((ba/m)'2y) , xez

yeZd

Then

el £ (6]

k=t,+1
(Yn—Dtn

=Y P, (0. 0E, exp{ ( Z f( )% )}

xeZd

1+ o(1) {Z 2( bny1)2 }
> — g ((=) "y
2 (G

sup,, [g(y)]

-y P, 0, x)én(X)eXP{f((b ) x )}

xeZd
—Dty—1

xEx(exp{%(”kz (s,

=1

by
+5- f(( )l/zs(ytl—l)tn)}E"(S()/n—l)’n)>
= ﬂ{ Z g2<(b 1/2 )} Z Ptn(o )C)En(X)Hy” En(x)
yeZd4

supy 5| n =
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where the last step follows from the Markov property. Note that
b 1/2 n d/2 b d/2
¥ (™) ~ ()" [ s = (2
n by Rd n
yeZ4

as n — oo and in the light of the Remark of Le Gall and Rosen (1991), p. 661, the
aperiodicity of the random walk implies

42p (0, x) — 1)~ det(G) "2 exp{ — @), r—1x>H

er
—0 (n— 00).

Since &, (x) = 0 outside [—M (n/b,)"/?, M (n/b,)"/?]?, there is a § > 0 indepen-
dent of n, such that

bn Vntn bn . _
Eexp{ (Zf( . ”25)} 26 ) &I E(x) = 86, T &),
xeZd

Consider the spectral representation of I1,:

(B, Ty = /0 hits, ()

where jig, is a probability measure on R*. By the mapping theorem,

i 00 X 00 vn—1 .
(&n. T E) =/ A g, (d) = (/ kugn(d?»)) = (&n, Mn&n)"™"™
0 0
where the second step follows from Jensen’s inequality. Hence,
11m1nfb "ogE exp { <Z f( 1/2 )} > lim inf log(&,, I1,&,).
n—o00

Next note that

e = (T (@) 2 a())

t—1

<o (G (o 5 2 (601
R el s.))
(4o () 3 (™)

X€Z

(o231 (C) 6+ 50) (2 -+ 50)
— A{d g(x)]Ex<exp { /01 f(VT’(s))ds}g(W(l)))dx as n — 00
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where W(t) is a d-dimensional Lévy Gaussian process (Brownian motion) such
that W (1) has the covariance matrix I".
Summarizing what we have so far, we obtain

Ynln

liminf b, ' log exp{ (Zf( )72 )}
1 ~
> log/Rdg(x)Ex<exp{/(; f(W(s))ds}g(W(l)))dx. 4.3)

What follows next is a standard treatment (see, e.g., Remillard (1998)) which is
briefly described here. Let the semigroup of linear operators {7;} on £*(R%) be
defined as

t
T,h(x):IExexp({/ f(vT/(s))ds}h(W(z))), heL*®RY, 1>0.
0

The infinitesimal generator of 7; is

1 ¢ 92h
Ah(x) = 5 Zl g @ @)

i,j=

where a;; (1 <1, j < d) are entries of the matrix I". Clearly, A is self-adjoint. Let

(g, Ag) = / Mg (d))

be the spectral representation of the quadratic form (g, .Ag), where u, is, in view
of (4.2), a probability measure on (—00, 00). By Jensen’s inequality,

1 ~ ~
Ex(exp{fo f(W<s))ds}g(W(1>)>dx= (. T18)
=/ e* pig(dh) ZGXP{/ /\Mg(dk)} = exp {(g, Ag)}

1
=exp{ / fx)g*(x)dx — - / (Vg(x), TVg(x))dx
R4 2 R4

From (4.3) we obtain

Ynln
hmmfb 1logIEJexp{ (Zf( ]/2 )}

Z/ f(x)gZ(x)dx——/ (Vg(x), I'Vg(x))dx
R4 2 Rd

for any bounded and infinitely smooth function g supported in a bounded region
in R4, which also satisfies (4.2). Note that the set of such g is dense in F. Taking
supremum over g on the right hand side finishes the proof. O
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5. Moderate deviation for intersection local times
In this section, we prove Theorem 1.3. We shall omit the details of the parts that are
similar to the proof of Theorem 1.1 given in section 2 and put emphasis on places

where a different treatment is needed. In the light of variation evaluation given in
Lemma 7.2, we need only to establish

m 1/
hm b llogE exp{(b )(mpﬂ)/zmp(ZHlf(n,x)) mP}

xeZ j=1

oo 1/mp
— (mO,Z)—(mp—l)/(mp+l) sup {(/ |g(x)|2mpdx>
geF —00

1 o0 / 2
—5/_ lg’ ()] dx}. (5.1

‘We first deal with the lower bound. Note that

Z]—[z”(n x) = / ]—[z”(n [xDdx
xeZ j=1
:(n/bn)l/zf ]_[lp( [(n/B)"/24] ).

So we only need to show the lower bound (5.1) for

1/mp
liminf b log E exp{(bn/n)l/2</ ]‘[l"( [(n/bu) 2 ])dx> }

Similar to (2.8), by Lemma 11 of Jain and Pruitt (1984), given € > 0,

_ 1/2
813})1 h;?lsogp - 1ogIE”{ \xilil\)ga ‘l(n, [(n/by) x])
—z(n, [(n/bn)l/zyD‘ > ¢ nbn} = —o. (5.2)

In fact, in the proof of the law of the iterated logarithm for local times, Jain and Pruitt
obtained this result for much more general random walks in the case b,, = loglogn.
By carefully examining their proof one can see that it actually can be extended to
the general b,, defined by (1.11). By the same argument given in section 2, we will
have the lower bound if we can prove

a 1/p
liminf b, log]Eexp{y(bn/n)l/2</ lp(n,[(n/bn)l/zx])dx) }

n—oo

1/p
zsup{y( / |g<x>|21’dx) - = / g<x>|2dx} (5.3)
geF —a

foranya > 0andy > Ointhecasem = 1 and p > 1.
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Observe that, for any bounded continuous function f supported on [—a, a]

satisfying (2.6),
a 1/p
(f ”’("v[<n/bn>”2x])d’“>

a

= /"O f(x)l(”, [(”/bn)l/szdx
= /' [

—00

£ (@u/m) )i, e
= Gu/m' o) + 37 £ (ba/m "Y1, )

x€Z

— b/ o + 3 £ (b 51 |
k=1

where the notation o(n) should be viewed as a possibly random quantity bounded
by ay,n for some deterministic positive sequence {«,} with o, — 0 asn — oo.
Taking d = 1 in Theorem 4.1 gives

a 1/p
liminf 5! log E exp{y(bn/n)‘/2</ lP(n, [(n/bn)]/zx])dx) }
a 2 _aoo
> sup {y / Feg@dx — = / |g’<x>|dx}.

geF

We obtain (5.3) by taking supremum over f on the right hand side above.

Similar to the Brownian motion case in section 2, we only need to establish the
upper bound necessary for (5.1) in the special case m = 1 and p > 1. That is, we
need to show

b\ (p+D/2p 1/p
lim sup b, ! log E exp {(l> (Zl”(n,x)) }
" X€Z

n— o0
00 1/p 1 [
< o= 2P-D/PHD g {(/ |g(x)|21’dx> _ Ef |g’(x)|2dx}. (5.4)
geF —00 —00
We first prove the following upper tail estimate.
Lemma 5.1. Let p > 1. Then for any a, b > 0 and any integer n > 1,

P{(le(n,x))l/p > a —i—b}

xX€Z

< P{(le(n,x)>l/p >a-— I}P{<Zl”(n,x))l/p > b}.

x€Z x€Z

Proof. Define the stopping time

. :inf{k; (Zl”(k,x))l/p >q— 1}.

x€Z
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Note that for any k > 1, (Y7 [P (k + l,x))l/p - (erle’(k,x))l/ﬂ < 1and
hence erZ [P (z, x) < aP. Consequently, foreach 1 <k < n,

(Z(l(” x) =1k, x)) ) (Zl”(n x)) . (le(k,x)>1/p >b

x€Z x€Z x€Z

on the event {r =k, (erz IP(n, x))l/p >a+ b}. Therefore,

P{(Zl”(n,x))l/p 2a~|—b}

x€Z
=Zp{r=k, (le’(n,x)>l/p2a+b}
k=1 x€Z
< Zp{r =k, (Z (I, x) = 1(, x))”)]/p > b}
k=1 x€Z
= Z]P{‘L’ = k}]P’{(ZlP(n —k, )c))l/l7 > b}
k=1 x€Z
P{(le(n,x))l/p >a— 1}P{(le(nsx))l/p > b}.
x€Z x€Z

O

Here is how we utilize Lemma 5.1: Let 0 < § < 1 be fixed. For any A > 2 we
have

IP){(X:lp([rSI’l],)c)>l/p > )Ln(p+1)/2p}

xeZ
[A]
< <p{(21p([3n]’x))l/p > n(Pth/2p _ 1}) )
xe€Z

On the other hand, taking m = 1 in Theorem 1.2 we have

l/p 4 00 1/p
n_(p+1)/2p(21p(n,x)) < a‘”"”“’(/ L”(l,x)dx) . (5.5)
—00

xX€ZL
Therefore, for any y > 0, one can take § > 0 small enough so that
1/p (p+1)/2 I
sup P (Zl”([Sn],x)) > anPr02p L < =2
" xeZ
holds for all A > 0 large. In particular

supE exp{yn ([’H)/ZI’(ZIP([M] x)) p} < 0.

xX€Z



Deviations for intersection local times 243

By the triangular inequality and independence of increments, for large n,

E exp {yn(p+l)/2p< le(n, x))l/p}

x€Z
1/p 251
< (IE eXP{yn(”+])/2P(Zl”([6n],x)) })
x€Z

We thus conclude that for any y > 0,

1/
supE exp {yn(”“)/z”(le(n, x)) p} < o0.
" X€EL

This, together with (5.5), implies that for any y > 0,
; —(p+1)/2p 14 lp
lim E expiyn (Zl (n,x))

n—>oo
x€Z
00 l/p
=E exp {ya_(p_l)/p(f LP(1, x)dx> } (5.6)
—0Q

Let A > 0 be fixed but arbitrary. Write ¢, = [An/b,] and y,, = [n/t,]. Then
n < ty(yn + 1). Hence,

E exp {(Z—n)(wl)/zp( Z 17 (n, x)) l/p}

xX€Z

< (E exp {(bn/n)(pﬂ)/zp(le’(;n, x))1/p}>yn+1'

x€Z
From (5.6),

p+tl
2p

(X ro, x))l/p}

x€Z
1 00 1/p
< : log E exp {A(’H'l)/z”a_(p_l)/p(/ Lr(1, x)dx) }

—00

b
limsupb;1 logE exp{( ")

n— 00 n

Letting .. — oo on the right hand side and taking m = 1 in (2.1) we have proved
(5.4).

6. The law of the iterated logarithm

We only prove (1.14) as the proof of (1.15) is similar. Recall the constant C3(m, p)
is given in (1.16). Let #; = 6k (k > 1) with @ > 1. In view of (1.5), we have from
Theorem 1 that

[o') m
2 —1/2
Z]P’{/OOHLf(tk,x)dxzytlimpH)/ (loglogtk)(mp ) } <oo (6.1)
k =1



244 X. Chen, W.V. Li

for any y > C3(m, p). By the Borel-Cantelli lemma we obtain

lim sup 7, (mpH)/z(loglogt) (mp= 1)/2/ HLp(tk,x)dx < C3(m, p) a.s.
k—o00
j=1

By monotonicity, for any #; <t < t341,

o M
t_(mp+1)/2(loglogt)_(mp_l)/z/ 1_[ Lf(t,x)dx

mp+1 _ —1/2 oo '
< (077 +om)i " (loglog sr) "V / [TL5 . xdx
.
as k — oo. Therefore

lim sup 1~ "P+V/2(1oglog 1) ™"~ ”/2/ HLp(t X)dx <6"5" C3(m, p)as.

—>0o0 ] 1

which gives the upper bound by letting § — 17,
To prove the lower bound, write s; = kk, k > 1 and notice that

00 m
/ ]_[ [L(sks1,x)—Lj(sk, x)] dx—/ i (Skp1 =58, X — W (s))dx

where L (¢, x) is the local time of the Brownian motion W; 1 (¢):

Wir(®) =W+ —Wilsx) t>20, k>1, 1<j=<m.

Hence,
1/mp co m 1/mp
‘(/ H [L(sks1, %) — Lj(se, )] ) (/ (s — s, x )dx)
m U mp 1/mp
(/ l_[ L Sk+1 — Sk, X — Wj(sk)) — 1—[ L_/k (Sk+1 — Sk, x) dx)
=1
l/mzp
< Z (l_[/ Sk+1 sk,x)dx)
= i#]
00 . . m?p 1/m~p
x(/ L_/,:"(skH — S, X — Wj(sk)) — L_/,:"(skﬂ — S, x) dx)
—o0

1/m2p
< 21/m <l_[/ Sk+l — Sk, X )dX>

=1 ~i#j

(r

l/mzp
< 21/m l/m pZ <1_[/ mp Sk+1 X dx)

= i#]j

mp 1/m=p
Lji(ses1 — 6. x = Wi(se)) — Ljx(Sesr — Sk, x)) dx>

(mp—1)/m*p
L s(Ske1 — S0 X — Wisi)) — Lja(skn — s, x

X sup
X
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where the third step follows from the easy inequality
al/™ —pt/m| <2/maq —p"/™  Va,b>0and m> 1.

Let m = 1 and replace p by mp in (6.1). By the Borel-Cantelli lemma one has

o
lim sup s, (mp+1)/2(10g logsk+1)7(mp71)/2/ LYY (sk1, x)dx < B1a.s.
—0o0

k—o00

foreach 1 <i < p, where B is a constant depending only on m and p. Note that
as k — oo, sx loglog sy = o(sk_H/ loglog Sk+1)- By the classic law of the iterated
logarithm for Brownian motions,

1/2

. -1

lim (sk+1 loglogsk_,_]) W)l =0 as.
for every 1 < j < p. Therefore,

lim sup (2s¢+1 loglog Sk+1)_1/2

k— o0
x sup |Lj(sk41 — Sk x — Wj(si)) — Ljk(ses1 — sk, x))
xeR
< lim lim sup (2sx+1 loglog si4+1)~ 172
§—0" k>0
X sup ’Lj,k(SkJrl — sk, ) — Ljx(s1 — s, X)‘
|x—y|<8(sk+1/loglog sp41)1/2
=0 a.s.

where the last step follows from the Borel-Cantelli lemma, and (2.8) that can be
stated as, after a proper rescaling,

lim lim sup(loglog !
§—=0" o0

x logP| sup Lt y) = L, 0] = ¢/ Toglogn '} = —o0
[x—y|<8(1/loglogr)!/?

Combining what we have observed so far, we reach the conclusion that
1/mp
l(/ H (Lj(sk41.%) = Lj(s. x))"d )

1/mp
(/ i (ska1 — st x )dX>

0( ,ﬁ’j_’l’“)/z’"”(1oglogsk+1)(’””’”/2’"”) a.s. (k— 00). (6.2)
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On the other hand, by (1.7) in Theorem 1.1, for any y < Cz(m, p)

SR T o o i 2 sl ogiogse) )

= ZP{/_ (U Lj(sk+1 —Sk,x))pdx

(mp+1)/2

= ysiih T (loglog si) ™) =

By the Borel-Cantelli lemma and the independence of the sequence
f Sk+1 sk,x)dx, k=1,2,---

we have

(mp+l)/2( )f(mpfl)/Z

hm sup 5 loglog sx+1

/ i (sk41 — sk, x)dx > C3(m, p) a.s.

In view of (6.2),

(mp+1)/2( —(mp—1)/2

11m sup St loglog sx+1)

/ ]"[ (Lj(sk41, %) — Lj(sk, x)) dx = C3(m, p) a.s.
Note that
oo M oo M
/;oo 1_[1 Lf(skJr],x)dx > [w 1_[1 (Lj(sk+1,x) — Lj(sk,x))pdx, Vk > 1.
j= j=

Hence,

o0 m
lim sup =P D72 (1og logt)_(m”_l)/zf H Lf(t,x)dx > C3(m, p) a.s.
t—00 —00 .
j=1

which finishes the proof of (1.14).
7. Two analytic lemmas

Recall that F denotes the set of absolutely continuous functions on (—o0, 00)
satisfying (2.2).
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Lemma 7.1. Forany p > 1,

M » p 1 poo
lim sup sup {(/ (ZgZ(x + kM)) dx) ~3 / Ig/(x)lzdx}
0

M—oco geF ke’ —00

o 2 1/p 1 o / 2
< sup {(/ 8| ”dx) - Ef 1€/ 00l dx}.
geF —00 —00

Proof. Without loss of generality we may assume that the right hand side, call it
J, is finite. Indeed, J is found explicitly in the next lemma. We only need to prove
that given € > 0, there is a M > 0 such that for any g € F,

M » I/p 1 [r°
(f <§ 2(x +kM)) dx) — —/ g’ () 2dx
0 2 —00
keZ
<e+(1—e) P D/pthy (7.1)

The hard part is that M has to be independent of g. We will determine the value
of M later. Let g2(x) = > ;7 8*(x + kM) with g(x) > 0. Then fOM 22(x) =
ffooo g>(x)dx = 1 and g is absolutely continuous with |g’(x)|> < Y okez 18/ (x +
kM)|> which is easy to see by direct computation of g’(x) and then using the
Cauchy-Schwarz inequality. Consequently,

M p 1/p 1 0
( / (D@ +km) dx) -5 / |8’ () dx
0 ke 2

M 1/p 1 M )
< ( / g2p<x)dx> -3 / 18" (x)|Pdx. (7.2)
0 0

Next we need to construct a function f € F which is equal to g on [M /%, M —
M'/2] and is negligible in some suitable sense at the rest part of the real line as
M gets large. Let E = [0, M'/2] U [M — M'/?>, M]. By Lemma 3.4 in Donsker-
Varadhan (1975), there is a real number a such that fOM 22(x —a)dx <2M~1/2,
We may assume a = 0, i.e,

M
/ 2 (x)dx <2M71/? (1.3)
0

for otherwise we can replace g(-) by g(- + a). Define

xM~12 O§x§M1/2

1 M V2 <x<M-— M2
M2 —xmM= V2 M—M72<x<M

0 otherwise.

p(x) =

It is straightforward to verify that

0<p) <1, @I =M |(¢*®)|<2M7? -0 <x <00
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Define
00 —-1/2
f(x) = g0)e(x) - ( / gz(x)goz(x)dx> :

—00

Clearly, f € F.Seta = [ g*(x)¢?(x)dx. Then
1 1 / /
7@ = {17 0P + Zly' @ + 3(8@) (@)}
1 /
= —Toan{IF @12 + Mg + M~ 2@ w) |}

Note that

M ) M 172 M 1/2
/0 1(22(0)) |dx§2( /O |g/<x>|2dx) ( /0 g2(x)dx)

M 12
— 2( / |g’(x>|2dx) .
0
Hence,

[e’s) M M 1/2
f If’(x)lzdxsé{fo |g’<x)|2+M‘+2M‘/2</O |g/<x)|2dx) }
(7.4)

On the other hand,

M 1/p 00 1/p
( / §2p(x)dx> < (a” / FCORPdx + / |g<x>|21’dx)
0 —00 E

00 1/p 1/p
a( / |f(x)|2”dx) + ( / |g<x>|2dx> (1.5)
—00 E
and from (7.3)

1/p 1/p
( / |g<x>|2pdx> < sup |g(x>|2/'f( / |g<x)|2dx)
E O0<x<M E

< eM™VHYP sup g1,
0<x<M

IA

Observe that forany 0 < x < M, if x + 1 € [0, M] then

x+1 x+1 y
50| < / EO)ldy + / ( / |g’<z>|dz)dy
oM 12 M 12
5( f gz(x)dx) +< f |g/<x>|2dx>
o b0
51+< / |g/<x)|2dx)
0
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Note that this inequality holds even x + 1 ¢ [0, M], in which case we integrate on
[x — 1, x] instead of [x, x + 1] in the above estimate. Therefore,

1/p M 1/242/q
( / |§<x>|2pdx> s(zM—”z)”P{H( / |g’<x)|2dx> } . (7:6)
E 0

By combining (7.4), (7.5), (7.6), we see

Mo Up | _¢ M ) 1 M N
( /0 i P(x)dx) - fo 700l dx—<ﬁ< fo 700l dx)
M 1/2Y2/q
+(2M—1/2)1/P{1+(f Ig/(x)|2dx) } )
0
_ 00 1/p _ o0
([t 15 [ ot
<Ly {(/OO PP )I/P— 1_6/00 1 oPd }
=om ;lelg_ . X X > . X X

1 1 Z-_H
= — J
2M+(1—6>

where the second inequality follows from the fact that « < 1 and the final step from

the substitution
1 \p/2(p+D 1 \p/(p+D
=(=) G )
o =(=) ) ¢

Since g > 1, there is a sufficiently large M = M (¢) > 0O such that M —l < ¢and
that

/M2 M VHVP (14 )P < e(x +1)/2

for all x > 0. Note that the choice of M is independent of the function g!. For such
M’

M 1/p 1 M 1 I;;%
/ PP(ydx ) — -/ 13 (0)2dx < e + ( )’ I an
0 2 0 1—¢

Finally, (7.1) follows from (7.2) and (7.7). |

Lemma 7.2. For any real number p > 1,

o0 1/p 1 00
J = sup { ( f |g(x>|2"dx> - = / |g’<x)|2dx}
geF —00 2 )

=2(p—1/(p+1)
— p—2p/(p+l)( V2 B( 1 l)) .
(p—Dp+1 \p

-1’2
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Proof. The proof is partially inspired by Strassen (1964). By a close examination
of the proof of Theorem 6.7 in Mansmann (1991), one can show that J < oo and
there is a f € F such that

00 1/p 1 0
J= ( / f2”(x)dx> -3 / (o Pdx

with the properties
f@) =0, f(=x)=fx), Vx and f(x)= f(y) for|x] <][yl. (7.8)
Let W-2(R) be the Hilbert space

o0

Wh2(R) = {g; g is absolutely continuous,/ |g(x)|2dx < 00,
00 —0o0
/ 18'(0)Pdx < oo}
—00

with the Sobolev norm |g|1 , = 70 1g()Pdx + [ |g'(x)|*dx. Applying the
Lagrange multiplier gives that for any g € W12 (R)

-1/
2 [ “ireorras) T [ priwgmar - [ pwgwa

= 2)\/ fx)gx)dx.

Note that as x| — oo,

< lg@IVIx] = 0

g(x)/0 fdy

and therefore as |x| — oo,

() /0 F2P - ()dy

< fzp_z(o)’g(X)/O f(y)dy‘ — 0.

Hence, using integration by parts,

2 [T rrean) T [ e [t gy
- [ rmgwar =2 [ "¢ [ roarx
Thus for all x,
<, ~=D/p (¥, 1, x
([ rreoas) " [ rr oy + 5500 = [ 1o,
—00 0 0
Therefore, f(x) has a continuous second derivative f”(x) satisfying

([ rrooas) " priw s S =arw a9
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with f/(0) = 0. Multiplying both sides of (7.9) by f(x) and integrating we obtain

00 1/p 1 00
A= (/ f2p(x)dx> — 5/ Lf o) Pdx = J. (7.10)

Multiplying both sides of (7.9) by f’(x), integrating we have after simplification
that

() =2(ar2m = ([ rreoa) " e )

where, using f/(0) = 0,

€= %(f ) rrwax) " o) a0, (7.11)
Thus, by the fact that f/(x) < 0 forall x > 0,
00 (n —1/2
dx = —% (/\fz(x) Y [ ) P 2y 4 c)
xdf(x) V¥x=0. (7.12)

Consequently, for all x > 0,

1 f<°>( Y ~(p=1/p 172
X =— AyS—p~ / F2P(x)dx y2P 4 C> dy.
V2 Jrw ( oo )
(7.13)

Letting x — oo we have f(x) — 0 and the above relation implies C = 0. Hence
by (7.11),

£(0) = (/OO fz”(x)dx)l/zpp”‘zf"”/\l/(zf"z). (7.14)

Combining (7.8), (7.12) and (7.14) we obtain
o o0
/ FAP(x)dx =2 / 2P (x)dx
—00 0

f(O) o 7(1771)/17 —1/2
= ﬁ/o y2P (/\y2 - p_l(/ f2”(x)dx) yz”) dy
—00

1 2
— fZI’(O)./z/A/ udu
0

/u?2 — u2r
00 1 2
_ ﬁpp/(pfn,\(wl)/ﬂpfl)/ Prody [0
—00 0 ~u?—u?r
Therefore,
12
| = 2 pP/ =Dy +D/2-D) / _wihdu
0 Vu?—u?r
Hence

A= p—zp/(p+1)( V2 B( 1 , l)>—2(p—l)/(p+l)
(p—Dpp+1 ‘\p—-12
and the desired conclusion follows from (7.10). O
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Remark 7.3. It can be seen from the proof of Lemma 7.2 that the maximizer f(x)
is unique. In addition,

f) =Kpp, '(Cplx), xeR

where <p;1 (x) (x € [0, 00)) is the inverse of the decreasing function ¢,:

1
1
@ (y)=/ —————du, ye(0,1]
b y u? —u?r
and,
1 1 1 —(p—=1/(p+1)
C, = 21w+ ,=p/(p+D) B( ,_)
b (p—D(p+1D \p—-172
1/2(p+1 D/2(p+1 p 1 V) P/
K,=2 /2(p+ )(p + 1)(17— )/2(p+ )<mB(F’ 5)) .

Indeed, by (7.14) a suitable integration substitution in (7.13) gives

x>0

1
|
x=C! / —_du, >
P Jrero) Vut —u?p

which gives that f(x) = f (0)<p1;1 (Cplx)) for all x € R. This, together with the
constraint [ f2(x)dx = 1 gives f(0) = K.

Acknowledgement. The authors would like to thank the referee for careful reading of the
paper and useful comments.

References

[1] de Acosta, A.: Existence and convergence of probability measures in Banach spaces.
Trans. Am. Math. Soc. 152, 273-298 (1970)

[2] de Acosta, A.: Upper bounds for large deviations of dependent random vectors. Z.
Wahrsch. Verw. Gebiete 69, 551-565 (1985)

[3] Bass, R.F,, Chen, X.: Self-intersection local time: critical exponent and laws of the
iterated logarithm. Ann. Probab. (to appear)

[4] Borodin, A.N.: Distributions of integral functionals of a Brownian motion process. Zap.
Nauchn. Sem. Leningrad. Otdel. Math. Inst Steklov. (LOMI) 119, 19-38 (1982)

[5] Borodin, A.N.: On the character of convergence to Brownian local time II. Probab.
Theor. Rel. Fields 72, 251-277 (1986)

[6] Chen, X.: On the law of the iterated logarithm for local times of recurrent random
walks. High dimensional probability II, Seattle, WA, 1999, 2000, pp. 249-259

[7] Chen, X.: Exponential asymptotics and law of the iterated logarithm for intersection
local times of random walks. Ann. Probab. (to appear)

[8] Cséki, E., Konig, W., Shi, Z.: An embedding for the Kesten-Spitzer random walk in
random scenery. Stochastic Process. Appl. 82, 283-292 (1999)

[9] Csorgo, M., Shi, Z., Yor, M.: Some asymptotic properties of the local time of the uniform
empirical process. Bernoulli §, 1035-1058 (1999)

[10] Dembo, A., Zeitouni, O.: Large Deviations Techniques and Applications. Jones and

Bartlett Publishers, Boston, 1993



Deviations for intersection local times 253

(1]

(12]
[13]

[14]

[15]

[16]
(17]

(18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]
(28]
[29]
[30]
(31]
(32]
[33]

[34]

[35]

[36]
[37]

Donsker, M.D., Varadhan, S.R.S.: Asymptotic evaluation of certain Wiener integrals for
large time. Functional integration and its applications: Proceedings of the International
Conference at London, 1974, pp. 15-33

Donsker, M.D., Varadhan, S.R.S.: Asymptotics for the Wiener sausage, Comm. Pure
Appl. Math. 28, 525-565 (1975)

Donsker, M.D., Varadhan, S.R.S.: On the law of the iterated logarithm for local times.
Comm. Pure Appl. Math. 30, 707-753 (1977)

Dvoretzky, A., Erdos, P., Kakutani, S.: Double points of paths of Brownian motions in
n-space. Acta Sci. Math. Szeged 12, Leopoldo, Fejér et Frederico Riesz LXX annos
natis dedicatus, Pars B, 1950, pp. 75-81

Dvoretzky, A., Erdos, P., Kakutani, S.: Multiple points of paths of Brownian motion in
the plane. Bull. Res. Council Israel 3, 364-371 (1954)

den Hollander, F.: Random polymers, Stat. Nederl 50, 136—145 (1996)

van der Hofstad, R., den Hollander, F., Konig, W.: Large deviations for the one-dimen-
sional Edwards model. Ann. Probab. To appear, 2003

van der Hofstad, R., Klenke, A.: Self-attractive random polymers. Ann. Appl. Probab.
11, 1079-1115 (2001)

van der Hofstad, R., Klenke, A., Konig, W.: The critical attractive random polymer in
dimension one. J. Statist. Phys. 106, 477-520 (2002)

van der Hofstad, R., Konig, W.: A survey of one-dimensional random polymers. J.
Statist. Phys. 103, 915-944 (2001)

Jain, N.C., Pruitt, W.E.: Asymptotic behavior of the local time of a recurrent random
walk. Ann. Probab. 12, 64-85 (1984)

Khoshnevisan, D.: Intersections of Brownian motions. Expos. Math. 21, 97-114 (2003)
Khoshnevisan, D., Lewis, T.M.: A law of the iterated logarithm for stable processes in
random scenery. Stochastic Proc. Appl. 74, 89—121 (1998)

Khoshnevisan, D., Xiao, Y., Zhong, Y.: Local times of additive Lévy processes, I: reg-
ularity. Stoch. Proc. Their Appl. 104, 193-216 (2003a)

Khoshnevisan, D., Xiao, Y., Zhong, Y.: Measuring the range of an additive Lévy process.
Ann. Probab. 31, 1097-1141 (2003b)

Konig, W., Morters, P.: Brownian intersection local times: upper tail asymptotics and
thick points. Ann. Probab. 30, 1605-1656 (2002)

Le Gall, J.-F.: Propriétés d’intersection des marches aléatoires. I. Convergence vers le
temps local d’intersection. Comm. Math. Phys. 104, 471-507 (1986)

Le Gall, J.-F.: Propriétés d’intersection des marches aléatoires. II. Etude des cas cri-
tiques. Comm. Math. Phys. 104, 509-528 (1986)

Le Gall, J.-F.: Some properties of planar Brownian motions, Lecture Notes in Math.
1527, 111-235 (1992)

Le Gall, J.-F.: Exponential moments for the renormalized self-intersection local time
of planar Brownian motion, Lecture Notes in Math. 1583, 172-180 (1994)

Le Gall, J.-F., Rosen, J.: The range of stable random walks. Ann. Probab. 19, 650-705
(1991)

Marcus, M.B., Rosen, J.: Laws of the iterated logarithm for intersections of random
walks on Z*. Ann. Inst. H. Poincaré Probab. Statist. 33, 37-63 (1997)

Mansmann, U.: The free energy of the Dirac polaron, an explicit solution. Stochastics
& Stochastics Report. 34, 93-125 (1991)

Remillard, B.: Large deviations estimates for occupation time integrals of Brownian
motion. Stochastic models (Ottawa, ON) 375-398, CMS Conf. Proc., 26, Amer. Math.
Soc., Providence. RI, 2000, 1998

Révész, P.: Random Walk in Random and Non-random Environments. World Scientific,
London, 1990

Rosen, J.: Random walks and intersection local time. Ann. Probab. 18, 959-977 (1990)
Rosen, J.: Laws of the iterated logarithm for triple intersections of three-dimensional
random walks. Electron. J. Probab. 2, 1-32 (1997)



254 X. Chen, W.V. Li

[38] Strassen, V.: An invariance principle for the law of the iterated logarithm. Z. Wahrs.
Verw. Gebiete 3, 211-226 (1964)

[39] Vanderzande, C.: Lattice Models of Polymers. Cambridge University Press, Cambridge,
1998

[40] Westwater, J.: On Edwards’ model for long polymer chains. Comm. Math. Physics. 72,
131-174 (1980)



