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Abstract. Leté = (§,1 <i <n)andn = (5;, 1 <i < n) be standard normal random
variables with covariance matrices R! = (rill.) and R® = (rioj), respectively. Slepian’s lemma
says that if r; > rf for 1 < i, j < n, the lower bound P(§ < u for 1 <i < n)/P(y <
u for 1 < i < n)is atleast 1. In this paper an upper bound is given. The usefulness of
the upper bound is justified with three concrete applications: (i) the new law of the iterated
logarithm of Erd6s and Révész, (ii) the probability that a random polynomial does not have
areal zero and (iii) the random pursuit problem for fractional Brownian particles. In partic-
ular, a conjecture of Kesten (1992) on the random pursuit problem for Brownian particles is
confirmed, which leads to estimates of principal eigenvalues.

1. Introduction

It is well known now that Slepian’s inequality (lemma) and its variations provide
a very useful tool in the theory of Gaussian processes and probability in Banach
spaces. Very nice discussions with various applications can be found in Ledoux
and Talagrand (1991) and Lifshits (1995). The simplest form of Slepian’s lemma

for centered Gaussian vectors (X1, - -+, X,) and (Y7, - - -, Y;,) states that for any x,
IP’( max X; < x) < ]P’( max Y; < x). (1.1)
1<i<n 1<i<n

ifEX? =EY?andEX;X; <EY;Y; foralli, j = 1,2, ..., n. An interesting and
useful extension of Slepian’s inequality, involving min-max, etc, can be found in
Gordon (1985) with applications to local structure of finite-dimensional Banach
spaces.

Another well-known and useful extension in (1.2) provides also estimate in
the ‘reverse’ direction. To state it and fix the notation for the rest of this paper, let
&1, &, -+, &, be standard normal random variables with covariance matrix R' =
(rilj), and n1, 12, - - -, N, standard normal random variables with covariance matrix

RO = (rioj). Put p;; = max(lrilj [, |V,Qj |). Then as stated in Leadbetter, Lindgren and
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Rootzén (1983), page 81, and based on early works of Slepian (1962), Berman
(1964, 1971), Cramér and Leadbetter (1967),

P(ﬁ{s,» < u;)) —P(ﬁ{n,- <u;))
j=1 Jj=1

1 (ui2+u2.)
s— 3 oh—rta— e Pep (- L), 12)
27 I<i<j<n . 2(1 +'0ij)
for any real numbers u;, i = 1,2, ---,n.

The above normal comparison inequality plays a very important role in the ex-
treme value theory. In a typical situation, one has rilj > rl.oj foreveryl <i < j <n
and wants to estimate the probability of P(§; < uj for j =1, - - -, n), knowing the
probability P(n; < uj for j =1, ---,n). Then, (1.2) also implies zero as a lower
bound for the left hand side of (1.2). However, the upper bound in (1.2) may be
useless when the error bound is not close to zero.

The main aim of this paper is to give two refinements of the upper bound in (1.2)
driven by three applications. The first application is the determination of constants
in the so-called law of the iterated logarithm of Erd6s and Révész (1990), based
on the work of Shao (1994). The second application is an estimate of the decay
exponent of the probability that a random polynomial does not have a real zero,
which improves the one in Dembo, Poonen, Shao and Zeitouni (2000). The third
and the most significant application is to the random pursuit problem for fraction-
al Brownian particles. In particular, a conjecture of Kesten (1992) on the random
pursuit problem for Brownian particles is confirmed. From exit probability point
of view, the result is about the growth rate of the first eigenvalue of the Dirichlet
problem for the Laplace-Beltrami operator on a subset of the unit sphere " in R"*!
as dimension n — oo. From a large deviation point of view, the result is about the
growth rate of an I-function on the number of Brownian particles. All results in our
applications are new and we expect more to follow in the future.

The rest of the paper is arranged as follows. Precise statements of main results
and their consequences are given in Section 2. Their proofs are delayed to Section
4. Three applications are given in Section 3 with proofs.

2. Comparison inequalities

We use the notations introduced before. Our first result shows that the headache

term (1 — ,oizj)_l/2 in (1.2) can be removed.

Theorem 2.1. We have
P& =) =P((ns =u})
j=1 j=1

(u7 + u3)

1 1 0 ( _
3 1 0 Rt i
o E (arcsin(r;;) — arcsin(r;;))" exp 2(1 + pij)

1<i<j<n

), 2.3)

for any real numbers u;,i =1,2,---,n.
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Since arcsin(x) < xm/2 for 0 < x < 1, a direct consequence of Theorem 2.1
is

Corollary 2.1. Let&y, &, - - -, &, be standard normal variables with Cov(§;, §;) =
rij. Then

- - 1 ul-z—l—u?
|P<ﬂ{§jSuj}>—HP(§j§Mj)|SZ Z |rij|exp<—m)
Jj=1 j=1 I<i<j<n J
for any real numbers u;, i =1,2,---,n.

By using Corollary 2.1 instead of (1.2), one can remove unnecessary condi-
tions in several results in Leadbetter, Lindgren and Rootzén (1983). For example,
the condition “sup,~; [r,| < 1” in Lemmas 4.3.1 and Lemma 4.4.1 there can be
taken away. -

Our next theorem gives a sharper bound which is especially appealing when u;
is not too large, and is the main contribution of this paper. All applications in the
next section depend on it.

Theorem 2.2. Letn > 3.andlet (§;,1 < j <n)and (nj,1 < j < n) be standard
normal random variables with covariance matrices R' = (rilj) and RO = (rioj),
respectively. Assume

rgj > rg. >0 forall 1<i,j<n (2.4)

Then
P( Mo = uj))
j=1
< P(ﬁ{s,- = uj})
j=1

" 7 — 2arcsin(r?) u? + u?)
(A o] T m(Cam) o ()
i1 I<izi<n T — 2arcs1n(rl.j) 2(1 + rij)
2.5)
foranyu; >0,i =1,2,---,n satisfying
(ki —riiri i+ (i —rlriug = Oforl =0, 1 and forall 1 < i, j, k <n (2.6)
If u; = u > 0 for every i, then
(r,la- — rfjr,l(j)u,- + (r,l(j — riljr,l(i)uj = u(r,ii ~|—r,l(j)(1 — rl-lj) >0

forall 1 <i, j, k <n.So, (2.6) is satisfied. Thus, we have
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Corollary 2.2. Let n > 3. and let (§;,1 < j < n) be standard normal random
variables with covariance matrix R = (r;;). Assume that r;; > 0. Then

P(ﬁ{éj < u})IP’< M &= u})

m<j<n

m
T 2,
exp{z Z ln(n —Zarcsin(r,-j)>eXp<_u /r,])} 27
forl1 <m <n-—1andu > 0, and

P& <w" < P((ig =)
j=1

crazuron] ¥ (i e (<)

7 —2 arcsin(r;;
1<i<j<n (rij)

(2.8)
foru > 0.
We remark that if r,l(i > riljr,l(j holds forevery 1 < i, j,k <nand! =0, 1,

then (2.6) is also satisfied. Moreover, it follows from the proof of Theorem 2.2 (see
(4.5) in Section 4) that the right hand side of (2.5) can be replaced by

IF’( ﬁ{n' <u -}) exp {3 Z (arcsin(r-l-) —arcsin(r-q)) exp (— M)]
i S=" T i i 201+ 1)

1<i<j<n
Hence, we have

Corollary 2.3. Let {X(t),t > 0} be the Ornstein-Uhlenbeck process, i.e., a sta-
tionary Gaussian process with covariance function
p(t,s) =E (X)X (s)) = e 5172,
Let
Ak = {X k1) < xpg forl =0, -+, my}
with all t;; distinct and xx; > 0. Then

n
IP( N Ak>
k=1
mj m;

<[TPaoen| ¥ 23 st men(- i 5 )}
k=1

1<i<j<nu=0v=0 2(1 + ,O(l‘,',v, tj,u))
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The proof of Theorems 2.1 and 2.2 will be given in Section 4. It would be
interesting to see if (2.5) remains true for any real numbers u; without assuming
condition (2.6). Note also the well known fact that in the setting of (1.1), Sle-
pian’s type inequality does not hold for two sided case with absolute value. See, for
example, Tong (1980). But, it may be possible to have comparisons of two sided
probabilities IP( ﬂ’” g =< u]}) and ]P’( N gl < u]}) with an additional
exp-term similar to the one in (2.5). This could be a very useful tool for estimating
small ball probabilities. See a recent survey of Li and Shao (2001a) on the sub-
ject. However, at this time, we are unable to find a right formulation together with
interesting applications in this direction.

3. Applications
In this section we give three applications to demonstrate the usefulness of the
inequality (2.5).
3.1. The law of the iterated logarithm of Erdds and Révész
Our first application is to the law of the iterated logarithm of Erd6s and Révész.
Let {W(¢), t > 0} be the standard Brownian motion and define

E(1) =supls: 0<s <1, W(s) > (2(1 — 8)slog, s)"/*},

fort > 0and 0 < § < 1, where log,(s) = In In(max(e2, s)). Erdés and Révész
(1990) obtained a new law of the iterated logarithm

log, 1)1/2 t
lim inf (0820 7" 4 50®)
t—oo logsyt -logt t

=—C a.s.

for some constant C with 1/4 < C < 2%, where logy(f) = InlnInmax(e?, ¢). The
exact value C = 3./ was found in Shao (1994). Moreover, it was proved there

that
t
liminf (log 1)’ ' (log, ) ™"/2 - In 55() =2 /1”—8 as. (3.9)

for 0 < § < 1/2.Itis natural to conjecture that (3.9) holds for all 0 < § < 1. With
the help of Corollary 2.3, we can give an affirmative answer to the conjecture.

Theorem 3.1. The result (3.9) holds for every 0 < § < 1.

Proof. By using Corollary 2.3 instead of Lemma 2.4 in Shao (1994) (see Lemma
2.5 there), foreach0 < § < 1and 0 < n < 1/2, there exists a constant n = n(§, 1)
such that

W(s)
P(m {/m <1)

< 6exp

128 — 5)) (3.10)

forn < a+2 < b+ a'~?. The remaining of the proof follows exactly the same
lines of that of Theorem 1 in Shao (1994).
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3.2. Probability that a random polynomial has no real root

Let a;,i > 0 be i.i.d random variables with zero means and finite moment of all
order and consider the random polynomial

n
fax) = Zaixi, —00 < X < OQ.

Dembo, Poonen, Shao and Zeitouni (2000) proved that

P( f,, has no real root) = n >+

as n — oo through even integers n. The constant b is specified as

!
b= —4 lim —mP( sup X(1) 50),
T—o0 T OStST

where X (¢) is a centered stationary Gaussian process with

e~ lt—s1/2

1+ el

It is proved in Dembo, Poonen, Shao and Zeitouni (2000) that 0.4 < b < 2. Their
simulation suggest b = 0.76 £ 0.03. Recently, Li and Shao (2001b) find two ad-
ditional limiting representations for » and show that b < 1. As another application
of Theorem 2.2, we have

EX(s)X(t) =

Theorem 3.2.
05<b<1 3.11)
Proof. 1t suffices to show that
IP( max X (4i) < 0) < exp(—0.125(12n)) (3.12)
1<i<3n

forn > 1. Let r(x) = 2¢72 /(1 + e~*). By (2.5),

]P’( max X (4i) 50)

1<i<3n

n T
=P(max X (4) <0) eXp{ > Zzln(n—2arcsin(r(3(j—i)+k—l)))}

1<z<]<n k=1 1=1

= P(llg‘aé X (@) = 0 exp {3n Zln (n — 2arcsm(r(31)))

s T
2 Zln (71 — Zarcsm(r(31 n 1))) +on ;m (n — D arcsin(r(3i — 1))>

i=1 i=1

T ad T
t ;m (71 —2arcsin(r(3i + 2))) +n ;m (71 —Darcsin(r(3i — 2)))}
= IP’(lm_ax3 X (4i) < 0)" exp(A12n).
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A direct calculation gives A = 0.02050.... On the other hand, by David (1953)

1 1
P(max X (4i) <0) = = + — (2 arcsin(r (1)) + arcsin(r(2)))
1<i<3 8 4m
< 0.17074 < exp(—0.1473 - 12)

Putting the above inequality together yields

IE”( max X (4i) < 0) < exp(—(0.1473 — 0.0206)(12n)) < exp(—0.1267(12n)),

1<i<3n

as desired.
3.3. Capture time of the fractional Brownian pursuit

A Gaussian process {By(t), t > 0} is called a fractional Brownian motion of order
o,0 <a <2if

By(0) = 0,E By (1) = 0 and E (By (1) — By (s))> = |t — s|*

for all ¢, s > 0. Obviously, it becomes the Brownian motion when o = 1.
Let{Br o(t); t = 0}(k =0,1,2,...,n)denote independent fractional Brown-
ian motions of order & € (0, 2) and set

Ty, = Inf {t >0: max Byo(t) = Bou(t) + 1} .
1<k=<n

The stopping time 7, o can be viewed as the capture time in the random pursuit
problem for the fractional Brownian particles; see Kesten (1992) and Li and Shao
(2000a) for more details. A natural question is: when is E (7, o) finite? The question
is the same as estimating the lower tail probability of max| <<, Supg<;<j (Bk.o () —
By« (1)). In fact, for any s > 0, by the fractional Brownian scaling,

P(tyo > 5) = IP’( max sup (Bro(t) — Bou(t)) < 1)

1<k<n 0<t<s

= IP’( max sup (Brq(t) — Boo(t)) < s_“/2>.

1<k<n 0<t<1

Li and Shao (2000b) show that

IP’( max sup (Byq(t) — Bou(t)) < x) = x2¥na/ato(l)

1<k<n 0<t<1

as x — 0, where

1
Voo = — lim F1nIP>< sup  max (Xp.o(t) — Xo.o(1)) 50) (3.13)

T—o00 0<t<T 1=k=n

and Xy 4(t) = e '*/? By 4(e'), k =0, 1, - - -, n, are the fractional Ornstein-Uhlen-
beck process of order «. In other word,

IP’(I,W > t) = ¢ mato)

as t — oo for fixed n.
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It is proved by Kesten (1992) that for the Brownian motion case, ¢ = 1,
¥n = ¥n.1 is of order In n when n is large. More precisely, Kesten showed that

0 <liminf y,,/Inn < limsupy,/Inn < 1/4
n—00 n—00
and conjectured the existence of lim,_, ¥,/ Inn. Kesten’s method is based on
large deviation results for independent stationary Ornstein-Uhlenbeck processes,
which is hardly applicable for the fractional Brownian motion. As another applica-
tion of Theorem 2.2, our next theorem shows that y;, 4 is also of order In n, which
in turn shows that E 7, ,, is finite when 7 is large.

In the Brownian motion case, » = 1, with 7, = 7,1, E1s < coand E 13 = oo
are proved in Li and Shao (2000a) by using some distribution identities and the
Faber-Krahn isoperimetric inequality. It is still a conjecture due to Bramson and
Griffeath (1991) that E t4 < oo. Their simulation suggested that y4 ~ 1.032. Other
representations for y,, = y, 1 are discussed after the following main result.

Theorem 3.3. We have

1
— <liminf /"% < limsup 7% < 0. (3.14)
dy n—oo Inn n—oo Inn

where d, = 2/000(8”‘ + e — (e — e7")*)dx. Furthermore, for y,, = yu1,

1
lim % == (3.15)
n—oo Inn 4

We need a few remarks about the significance of (3.15) in the setting of Brown-
ian motion. First, t, = 1,1 equals the first exit time by the (n 4+ 1)-dimensional

Brownian motion (By(%), - - -, B,(¢)) from the “wedge”

Wopt = {x = (o, x1, -+, %) € R iy —xg < 0,1 <i<n} (3.16)
starting at b = (0, —1,---, —1) € R**! DeBlassie (1987) (see also DeBlassie
(1988) and Bariuelos and Smits (1997)) has shown that

Plt, >t} ~cb)t™, as t— oo, (3.17)
where
1 2
7= (Vi War) + (@ = D22 == /2 (3.18)

and A1(W,41) is the first (principal) eigenvalue of the Dirichlet problem for the
Laplace-Beltrami operator on the subset W, 1 NS of the unit sphere S in R"*!.
Second, by using distribution identities developed in Li and Shao (2000a), togeth-
er with the first exit time approach above, we also have a somewhat easier (one-
dimension less) representation

1
=3 <\/A1(Dn) +((n=2)/2* = (n - 2)/2> (3.19)
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and A1 (Dy,) is the first eigenvalue of the Dirichlet problem for the Laplace-Beltrami
operator on the subset D,, N S"~! of the unit sphere S"~! in R”, where

n i
D, = m [x = (xx) € R": Za,;kxk < O}
k=1

i=1

witha; p = ((k+1Dk)"2forl <k <i—1landi >2,anda;; = ((i + 1)/i)!/?,
i > 1. Geometrically, D, can be viewed as the polar set of the unique » unit vec-
tors (up to rotation) in R"” with 60 degree angles between each other. Note that it
seems very difficult to find or estimate A1 (W,,41) and A1 (D,) (hence y,,) by analytic
method for n large. On the other hand, the probabilistic approach of proving (3.15)
implies

1
AM(Wyt1) ~ A (Dy) ~ znlnn as n— o0

by (3.18) and (3.19). In essence, our probability estimate obtained by using the
new normal comparison inequality provides a way of estimating eigenvalues as
dimension increase. This way of estimating the first eigenvalue for the Dirichlet
problem seems very powerful and more works in this direction will be given in Li
and Shao (2001c). Finally, we conjecture that

. Yn,a 1
lim = —
n—oo Inn dy

based on (3.14) and (3.15).

Before the detailed proof of Theorem 3.3, we need two lemmas. The first is due
to Shao (1999) and is very useful in various contexts. See Li and Shao (2000b) for
some sharp estimates of lower tail probabilities for Gaussian processes, including
fractional Brownian sheets.

Lemma 3.1. Let & = (&1, ..., &) be distributed according to N(0, X¢), and n =
(M1, «.., ) according to N (0, ). If ¥, — X¢ is positive semidefinite, then

VC CR", P(s c c) < (det(%,)/ det(5¢)) /2P(y € €)

Our next lemma is a consequence of the (strong) locally nondeterminism for
fractional Brownian motion.

Lemma 3.2. Let Xo(7) = e /2By (e’) and 0 < t| <ty < --- < ty,. Then there
exists a constant K, > 0 such that

m
det (E X“(ti)Xa(tj))lgi,jfm > Kt l_[(l — e~ Uimti-)yer
i=2

Furthermore, in the case of Ornstein-Uhlenbeck process, o = 1, we have equality
above with K1 = 1.
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Proof. We have for2 <i <m,
Var(Bg (1) | Bo(j), 1 < j < i) = Ko(ti — t;—1)*

given in Monrad and Rootzén (1995) with a nice direct proof and related references
to locally nondeterminism. Thus

det (E Xa(t) Xa (1)), ; ;= Var(Xe () [ Var (Xa () | Xa(t), 1 < j < i)
i=2

m
[T var (e—’f“/zxa () e™Y2 Xy (e), 1< j <i)
i=2
m
> K(’)[n_l l—[e—[iot(etl' _ et,-_l)a
i=2

m
=Ky [Ja—e iy,
i=2

In the case of Ornstein-Uhlenbeck process, « = 1, the determinant can be evaluated
directly by transformations row(i — 1) — e’ ~fi-lrow(i) for 2 < i < m.

Proof of Theorem 3.3. The right hand side of (3.14) is proved in Li and Shao
(2000b). So we only deal with the left hand side. Let r (1) = E X 4(¢) X0, (0) for
t > 0. It is easy to see that

r(t) = %(em/z T+t _ (¢l)? - e—t/Z)a)
_ %(E—ZQ/Z +ae @ W2 4 O(e—t(4—a)/2)) (3.20)

ast - oco.For0 <6 < 1/2,let

oo
Mo =hoa =142 r@i)
i=1
One can easily verify that
1-0?% 1

lim ——— = —.
6—0 6OAg dy

Thus it suffices to show that for any 0 < 6 < 1/2, there exists Ky o > 0 such that

P( max max (Xp.q(i6) — Xou(i0)) <0)
< Kgfa(exp ( _ %(me) In n) +exp ( _ (m@)nez)) 3.21)

for n sufficiently large uniformly in m > 1. Here and throughout this section, we
use letter Ky , for various positive constants which may be different from line to
line.



504 W.V. Li, Q.-M. Shao

Let§ = (§1,---,&n) and n = (91, -, ), Where § = Xo,(i0) and 7; are
i.i.d. normal random variables with mean zero and variance Ag which are indepen-
dent of (Xg,o);_;- Then, X, — X¢ is dominant principal diagonal matrix and hence
positive semidefinite. Applying Lemma 3.1 and Lemma 3.2 yields

]P( max max (Xi,q(i6) — Xo0,«(i0)) < 0)

1<i<m 1<k<n

=IE<IP( max max (Xg.q(i6) — Xoya(ie))§0|Xk,a(i9),1§k§n,1§i§m>>

1<i<m 1<k<n

172
<E ((det(En)/ det(Eg)) JP( max max (Xi.o(i0) =)

<i<m 1<k<n

<0 Xo(i), 1 <k <n1<i<m))
= (det(X,)/det(Z 1/2]P’ X 0 <0
—(e( D/ det()) P max max (X a(i6) — i) < 0)

Ky Jnm, (3.22)

where
Jnm = P( max max (X (@(@0) —n;) < 0)

1<i<m 1<k<n

Leta = 2(1—60)Inn)V/2,1 = Yol Hni <atand{iy, iz, -+, i} ={j: nj <a}
with iy < iy < --- < i;. Then

Jom < P( < 0m) —HP’( max max (Xg.q(i0) —ni) < 0,1 > em)

1<i<m 1<k<n

§P(l§0m)+P< max max Xy (i )§a,l>9m)

1<j<l 1<k<n

SIP’(lfém)—HE{ (max max X o(i; )§a|l>9mandi.,~,1§j§l)}

1<j<l1<k<n
n
—P(U <6m)+E |1P>(lmaxlxo,(ij9) <all>6Omandij 1 <)< z) }
<Jj=
(3.23)

Noting that P(n; > a) < exp(—az/(Zkg)) = exp(—(1 — 0)(Inn)/rp) and Y /.,
I{n; > a} is a binomial random variable with parameters m and P(; > a), we
have (see, for example, (2.8) in Shao (1997))

P(l < Om) = P(i i >a) > (1— e)m)

i=1

1—6)?
< (6P(n; > a))=m < 6" exp(— ( . ) mlnn) .
0

For givenlandij, 1 < j <1, by (3.20)
a2

> i 4 I —
1 m — 2arcsin(r ((ix —i;)0)) cxp 1+r@0)

1<j<k<l
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=) i In - ) <
= 2o L M\ aresin(r (G — i)6)) P 1+ 7(0)
1<j<lk=j+1 .
o0 2
T a

= l;l ; In (7‘[ - 2arcsin(r(i9))> XP— T @)
= Ko .1 (_L)
= ROl PTGy

for some finite Ky o. Applying Corollary 2.2 yields for given/ and i;, 1 < j </,
and sufficiently large n

. 612 !
P( 121?)5(1 Xq(ij0) < a) < exp (Ke,al eXp(_Tr(@))> -P(Z <a)
a2
< exp <K9’al exp(_Tr(Q)) -1 P(Z > Cl))

< exp (Ke o1 - 20=0/0+r@) _ . n—(l—@))
< exp(~I- n*(lfgz))
for sufficiently large n. Therefore

]E{IP’(lm'xle(ilG) <a|l>mbandij,1<j< l)n} < exp(—emn92) .
<J=

(3.24)
This proves (3.21), by (3.22) — (3.24).
4. Proof of Theorems 2.2 and 2.1
Proof of Theorem 2.2. Let
R'=hR'+(1—h)R"=(r]}) for 0<h<1.
Let{ = (¢, -+, ¢n) = ({lh, e {,ﬁ’) be normal random variables with covariance

matrix R", f, be the density function of ¢ and
u
F(h):/ fh(ylv"'ayn)dyv
—00
where u = (uy, -+, u,) and dy = dy; - - - dy,. Then
n n
F) =P( ()& = u;)) and FO) = P( ({n; < u}).
j=1 j=1

Put

s =exp| 3 m(M)exp( M)}

7 — 2aresin(rf}) 201+

I<i<j<n
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It suffices to show that F(h)/g(h) is non-increasing, or equivalently,
gWF'(h) < g (WF ) for 0 <h <1. “4.1)

It is known and easy to see that (cf. [13], p.82)

Fiy= Y i~ r,,)/ fri =uiyj=updy. (42

I<i<j<n
where f,(yi = u;, y; = uj) denotes the function of n — 2 variables formed by
putting y; = u;, y; = uj, and the integration is over the remaining variables.

Noting that

2(r ]) u? +u§ )

g (W/gh) = Z (r — 2arcs1n(rij))(1 — (ril})z)l/2 P ( - Z(Trll]) ’

I<i<j<n

we only need to prove that
u/
/ fu(vi = ui, yj = ujdy
—0o0

2 u + u?
< (n—2arcsin(rl.hj))(1—(rl.hj)2)1/2 exp( Aty 1)) (ﬂ{§l<m}) 4.3)

forl <i<j<n.
Let ¢ (x, y; r) be the standard bivariate normal density with correlation coeffi-
cient r. Then, we can write

u/
/ i =ui,yj =uj)dy =i, uj; r,-hj)IP’(C/ <u' | =ui ¢ =uj).
—00

4.4)
For the sake of simplicity, we work only withi = 1, j = 2. Since (rl.h1 —r?z rl.h2)u1 +
(rih2 — r{'z rl.hl)uz is a concave function of 4 fork = 3, - - -, n, condition (2.6) implies

that
Ao h ok h hoh
(rgy —riarul + (r, — riprguz = 0

for 0 < i < 1. Noting that

h h .h h h .h
rt—ritr rt—ritr

{é‘k — A 12 k2 {1 — 42 12 k1 427 k= 37 Ty n} and {é‘l’ 52}
1= (r})? 1= (r})?

are independent, we have

]P’(ﬂ{é“j Sujbl&r=ul, L= Mz)
j=3

n Sy R h_h ok Wk ok
—r —ri, rh r —ri, r—ri

]P’( [ T jz TR R | bk 1 SN d jluz})
&~ 1-(rl))? & 1—(r],)2 =i 1—(r],)2 —(r!
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< IP( (n] {g“j <uj+ ﬁ((rj’1 — e+ oy - r{lzrj.ll){z)b
j=3 12

P(cl —ry52<0.0—r 51 <0.¢; <u j+m(rj?l @ —rf’zcz>+rj?z<zz—r?zc1)),1:3,»--,n)
12

IP’(Cl —r{’zzzso,g—r{’z;] 50)
IP)(é‘l _r{IZQ SO’Q—"{IQQ <0, <uj,j =3,'-~,I’l>

P(§1 —rh <0, —rih < 0)

H”(Cl <0,0=<0,¢; guj,jzg,...,,,>
P(21 = rlyts < 0.0~ rlyti <0)
(V=i = u)))
IP’(Q — <0, -l < ()) '

=<

=

4.5)

It is easy to see that (cf. [13], p.83)

1 ui +u3

h ! .
uy, U ) < P\ =50 15/ 46
@ (ur, uz; i) 2l (r{z2)2)1/2 p( 2(1+r112)) 40

Noting that corr(¢; — r]hzgg, o — r]hzg’l) = —r]hz, we have

T —2 arcsin(rfz)

h h
P — 11562 <0, & —rj01 <0) = o

which can be found in David (1953).

Putting the above inequalities together yields (4.3) fori = 1 and j = 2.
Similarly, (4.3) holds for general 1 <i < j < n. This finishes the proof.
Proof of Theorem 2.1. The proof follows the same line as that of Theorem 4.2.1 in
Leadbetter, Lindgren and Rootzén (1983) with a modification given in (4.6) and
the fact that

! 1 ! 1
———dh =/ dh
/o (1= ()12 o (L= Gl =)y +r»)1/2

_ 1 /rl] 1 dh
T8 b T

1 . .
= — o (arcsm(r,-l/.) — arcsm(rio-)).
_ ] J
i =i

We omit the details.
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